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ADDITION. 



Ex. 1. To 7— a?y 

Add -2 +ah 

" -6+3ay -SA 



El. 2. To 2y*— 5a?— 2ay 

Add -2y» +^i--6 (=J»--6--2y"+l) 

Ans. — 5a:— 2ay+6n— 6. 

Ex. 8. To 5c+2«»— oay 
_ Add — «• +9-A 

" -43^ -7+6A 

-4/15. 5c— 3«*— <3Key+2+5A. 

Ex.4. To 6y»- 8+ aA(=5y»-9+aA+l) 
Add —2^—10+120^ 

-4n«. 4y'-18+13aA.^ 

Ex. 6. To 6a?+ 4— y— 3a»« 

Add 95a:"— 13+y+3a'« 

-4ii#. 106i»- 9. ^ 

1* 
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Ex. 6. To 4hn*+Sab+x (=5An«+3a6-A»«+«) 
Add hn^-lab-^x 

Ans. 5hrf^4ab. 

Ex. 7. To 4«"— 3te— y 

Add «*+ bx -^ay-^Bn 

Ans. Baf+Zhx—tf'-aifSn. 

Ex. 8. To ah+2mn—Bx 

Add — 2aA +4x+ian 



Ana. — ah+2mn+ x+4an. 



SUBTRACTION. 

Abticle 80. Example 4. 

From Sa;"— 2ay'+ 5c 

Sub. -2«"+ ay»— 45c (=a!"-45c+a/— 8a?) 

Article 82. Example 4. 

From 6a:— y"+ An 

Sub. 6a; -4y'+2^n+a»— ny(= 2A»— 4y'-a?+aA+6aP-ny) 

-4n«. 3y"— An— aA+ny. 

Example 5. 

From 2a;*+ ay— 12 

Sub. — «»-3ay— 12+2A— c(=l— a!*+2A— 18— 8ay—c) 

Am. 8«»+4ay — 2A+c. 

Ex. 6. From a5— 3cA— 2 

Sub. ^Sab-^ cA+3— <f+y 

Am. 6ai— 2cA— 6+i-^y. - 



jniLTIPLICATIOK. 



MULTZPLZ CATION. 



Art. 97. Ex. 6. Mult. ax+V+e 
By n+3+7a" 

Prod. anx+Vn+en+Bax+BV+Se+l€fx+1cfV+1a*e. 

Ex. 6. Mult. 1 + x+2hy 
By 6a+36+6 

Prod. 5a+5ax+10aky+3b+Sbx+ebhy+6+ex+12ky. 

Abt. 98. Ex.4. Mult h+ a +1 
By Sh+2a +5 



3h*+Bah+Bh 

+2ah +2cf+2a 

+5h +5a+B 

Prod. 3A"+6aA+8A+2<i^+7a+5. 

Ex. 5. Mult. 2a+B + xy 
By a +2 +Sxy 

2o'+3a+ axy 

+4a +6+ 2xy 

+6axy + 9xy+3aff^ 

Prod. 2cf+1a+Uxy+Q+llxy+3a?j^. 

Ex. 6. Mult. e+3d+2e 

By 2hdx (z=zbx2dxx) 

Prod. 2hcdx+6bd^x+ihdex. 

Art. 102. Ex. 4. Mult. V—B — 2(» 
By *l'^h--' cy 

Prod.^ W-85-14cir-V+66+25ca;-5Vy+««y+2Ay. 
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Ex. 5. Mult. 3ax+h—2 
By 6y*— n+1 

Prod. 16a«y*+5V— lOy*— Sana;— An+2n+8flfa;+A— 2. 

Art. 107. Ex. 1. ^ Mult. 3a — x+2 
' By g -. 4a?— 1 

3a'— ax+2a 

— 12aa: +4«'— 8a: 

—3a + a;— 2 



Prodf. 3a«— 13aa?- a-|-4a;'— 7«— 2. 



Ex. 2. Mult. ISoay =t (a;y x 3a X 6) 
By 2n+l— 3A« 



Proef. SOanay+lSaary— 45aA'a:y. 

Ex. 3. Mult. ' 6a?— 15a5 . =6(a?— 3a6) 

By 30Ay =(yx2x6Ax3) 

Proef. 150Aajy-450a6Ay. 

' Ex.4. Mult. 6a«+3ftc-3=3(2a«+6c-l) ' 
By 5d--2dx =zd{Q — 2a?— 1) 

Prod. B0a^d+l5bcd—l5d^l2a?dX'-ebcdx+6dx. 

Ex. 5. Mult. aa?+5a?— A— 2 

By cx+dx—ch'-dh=:{c+d){x'-'h) 

Prod, aca^ + 6c«*— cAj?— 2ca? + ado^+bdsf—dhx 
'-2dx—achx^5chx+ch*+2ch''adhx—5dhx+dk*+2dh. 

Or by Reduction. aca;*4-6ca?'— 6cAaf^2ca?+a(fa;*+6<fa;*— 
6(fAa:— 2<^a:— acAa?+cA'+2cA— arfAa?+(fA'+2cfA. 

Ex.6. Mult. 6a;*y— 6+3(j =5aj"y— (6— 3c) 
By hn -n+ 6— 1=(6— 1) (n+1). 

Prod, bbno^y—h^n + 36cn— Sna^'y + 5n — Sen + 
' * 65i"y-6*+3&r-6a:V+'— 3e: 
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Ex.7. Mult, ay— 7+ftc— 6w 

By — 2n+l— 3« =— (2n— l+3a?) 

Prod. — 2any + 14n— 26cn + 2^n+ay— 7+6tf 
^bm—Saxy+2lx—Zbcx+3bmx. 



Xnltiplicatioii by Detached Ck>effioient8. 

Ex. 1. Mult. 5»-5«a:+&«*-«' 
By h+x 

Coefficients of Multiplicand, 1 — 1+1—1 
Multiplier, 1+1 

1-1+1-1 
1-1+1-1 

Coefficients of Product, i * * *— i 

Each term of the product has four literal factors. The first 
term cannot contain x, nor the last term b; hence the product 

Ex. 2. Mult y*-3y«+3y— 1 
By y»-l 
Coefficients of Multiplicand, 1—3+3—1 
** Multiplier, IdbO— 1 

l-3+3_l 

-1+3-3+1 

Coefficients of Product, 1—3+2+2—3+1 

The exponent of y in the first term of the product will be 5, 
and will decrease by 1 in the successive terms ; hence the pro- 
duct is y*— 3y*+2y'+2y'— 3y+l. 

Ex. 8. Mult. a^+Sa^y'+y* 
By j^— 2ay +y' 
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Coefficients of Multiplicand, 1+0+2+0+1 
Multiplier, 1-2+1 

1+0+2+0+1 
_2-0-4-0-2 

1+0+2+0+1 

Coefficients of Product, 1—2+3—4+3—2+1 

Each term of the product must have six literal factors : the 
first term cannot contain y, and the mtervening terms will con- 
tab it 1, 2, 3, &c., times, according to their distance from the 
first ; the last term cannot contain x, and the intervening terms 
will contain it 1, 2, 3, &c., times, according to their distance 
from the last. Hence the product is 

a^— 2ir*y+3a;y— 4a!"y'+3a:*y*— 2ay+y«. 

Ex. 4. Mult. a«-l 
By o«+l 
Coefficients of Multiplicand, IdbO— 1 
" Multiplier, ldbO+1 



1±0-1 

IdbO-l 



1 * * *-l 

The first term of the product will contain a four tunes ; and 
the last will not contam it at all. Hence the product is a*— 1. 



Articlb 109. Theorem I. 

Ex.8. (3a!»+l)»=9««+6«»+l. 

Ex. 4. (100+l)«=10000+200+l. 

Ex. 6. (90+5)'=8100+900+25. 

Ex. 6. (6aV+2a«*)"=:25ay+20aVy+4aV. 

Ex. Y. {4an»+Y)'=16aV+66an'+49. 

Ex.8. (12+J)«=144+12+J. 
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Theorem II. 



Ex. 3. (I000-3)«=l000000-6000+9. 

Ex. 4. (6«*— 2y)"=26a^— 20a:V+4y". 

Ex.6. (l-2«')"=l-4«»+4a!«. 

Ex. 6. (3a«6-4(MJ»)"=9a*6*-24o»&r»+16aV. 

Ex.7. (20«^)«=400-4+tJ^. 

Ex. 8. (2a:»-i)*=4a^-2a:*+f 

Ex. 9. (t\r— tot) ^ToTT^rtrr+ioJoO' 

Theorem III. 

Ex. 3. (aPa;+7««y) (a"ar-Ya!»y)=:aV-49aV- 

Ex.4. (2«»y+l) (2«»y-l)=4jJ»y»-l. 

Ex.6. (l+4a")(l-4a«)=l-.16a\ 

Ex. 6. (V+Yajy) («*— 7a?y)=a;*-49«*y«. 

Ex. 7. (lO+T^iy) (10-^)=100-yjT. 

Ex. 8. (100+7) (I00~7)=10000-49. 



DIVISION. 
Article 127. Examflb 4. 
a^-jB»+<gg»-aa^+7a?y«-> 75^*1 a?-l. 



7iry»-7y» 

Ex. 6. 6a*&— 4aVt+2o»a?+8A— 2n+a? | 3A— 2n+ag 

6a*&-4a«n+2a«a? ga'+l, g«ol. 

3A— 2n+« 
8&-^2n+« 
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Ex. 6. 3a^+6iJ'y-9«*y"+7ay-6y* |g«+2ay-8y* 

Example 11. 
3a6— 6<m:— 6A+2Ajf+26*— 46a;+c I 6— 2a: 



8a6— 6aa? 



Quot 3a— A+26H 



— 6A+2Aa? 

26'— 46« 
26*— 45a? 



JIx. 12. 6a'+4a*— 3aa?— 2a;+3a+Y | 3g+2 



T r- 8a+2 

— 3aa:— 2a; 

— Soa:— 2af 



3a+7 
3a+2 



PwndicBgni Kxamplan. 

Ex. 1. Div. 6a!»y— 10aa!*+166a?y"-5« 
By 6a? 

Cmo^. «y— 2aa!*+ 36y«— 1. 

Ex. 2. Div. 12A— 16a+3y"— 3— 96cy+2a: 
By 3 

Qu€L 4i- 5a+ y*-l-36cy+— . 

9 



DIVISION. 15 

Ex. 3. Div. {2+ax) (3— c) y 
By (2+aar) (3— c) 

Quot. f/. 

Ex. 4. «*y— 3a?y— af+2«y" | ay— 8y— l+2y* 
a^y-3ay-a;+2V ^;;^^ 

Ex. 6. Div. — 5+6"A— 6y+2a*A+n«— 3 
By -6 



CttO/. 1— 6A + y-i J- . 



Ex. 6. Div. 6im:— 2n'— oAn— 4»+« 
By — n'a? 

6 2 oA 4 1 
n X nx nx tr 

Ex. 7. Div. 26*— 6a:*y— 36a?+«— 9 
By 36«»y 



^ ^ 26 1 1^1 



do^y 3 ary 3&ry bx^i/' 

Ex. d. Div. 4a«««-a«-.2o"a:+4(=4a»««-a*-2a««+6-.2) 
By —2a' 



Ex. 9. b+x+bnx+nsi? \ b+x 

P+^ 1+iwr. 

+bnx+na^ 
+hnx+n2? 

2 
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Ex. 10. 1— 3a:+3x*— «* 1 1— « 



— 2a?+2ii!" 



Ex.11. 6»+36«ar+36«*+«»[5+f_^ 

26«a;+3te* 
2^a;+2&i:' # 

Ex. 12. 8«'+16a!»-6ar+ll \x+5 

3^+15^ 3*«+a?-10+-4^. 



— 10a?+ll 
— lOar—SO 



61 
hx. 18. 1— a*|l— a 












DIVISION. 17 



Et. 14. a;*-6«"y«+6/|_^--3y 






9ay»-27y* 
32y< 

Ex. 15. 6««-10a'+4a-l6 I 3a«-2a+l 

6a^- 4a'+2a' 1^^^+ ^o^ 

^ 6a'«2a«+4a '" "^«+^ 

— 6a'+4a*— 2a 



— 6a*+6a— 16 
— 6a'+4a— 2 



2a— 13 



Division by Detached Coefficieiits. 
Ex. 1. Div. a*— aV+2a«»— a?*, by a*— aar+«". 
Coeff. of Div'd, 1+0-1+2-1 |l-l + i Coeff. of DirV. 
^"^•♦"^ 1+1-1 u Q^^ 

' 1-2+2 
1-1+1 

-1+1-1 
-1 + 1-1 



The first term of the quotient must be of; and hence the. 
tetters with their exponents in the following tenns ax and af. 
Therefore the quotient is a' +a«—«'. 

2* 
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Ex. 2. Div. a^-4«*+6ic*-4a?+l, by x-l. 

Cocff: of Div'd, 1-4+6-4+1 1 1-^1 Coeff. of Div'r. 

^ — ^. 1—3+3—1 " Quot 

—3+6 
—3+3 a^— 3a? +34?- 1, Quot. 

3-4 
J 3—3 



-1 + 1 
-1 + 1 



Ex. 3. Div. «»+a^y— Sa^'y'+eay+Sy', by «*+3«y+y". 
Coeft of Div'd, 1 + 1-5-0+6+2 1 1+3+1 Coeff. of Div'r. ' 
1+3+1 1-2+2 

-2-6-0 
—2—6—2 «"- 2a:*y+2y», Quot 

2+6+2 
2+6+2 

Ex. 4. Div. 1— 46+106*— 166»+176*-126«, by 1-26+36'. 

Coeff. of Div'd, 1-4+10-16+17-12 1 1—2+3 C oeff. of 

1-2+ 3 1^2+3-4 [Div'r. 

-2+ 7-16 

«.2+ 4— 6 1— 26+36»— 46', Quot. 



3-10+17 
3— 6+ 9 

— 4+ 8-12 

- 4+ 8-12 



Sesolving Polynomials into Factors. 

Ex. 5. 4«'+12«*y+9«y*=a?(4««+l2ay+3y*)=ar(2a?+3y)«s 
x{2x+By) (2a;+8y). 



FRACTIONS. ±9 



Ex. 6. a!*+y'=(a?+y) {(x^-xtz+y"). 

Ex.1. 1— a«=(l-a) (1+a+a*). 

Ex. 9. a'-b*={a'rhb') (a«-6»)=(a«+y) (a+b) (a-6). 

Ex.9. /+l=(y'+l)(2^-y* + l). 

Ex. 10. 4ir»-4«'+«=a?(2ar-l)'=a?(2ar-l) (2a:- 1). 

Ex. 11. abh^'-2abh+ab=ab{h—iy=^ah{h—l) (A— 1). 

E£ 12. eSna^/ + 84nay + 28n = Yn(9a:'y*+12«y + 4) = 7n 

(3iry+2)"=7n(3ary + 2) (3a;y + 2). 
Ex. 13. 9A— A=A(3— 1) (3 + 1). 
Ex. 14. 3«-l=(3^ + l) (3^-1) = (3^ + 1) (3» + l) (3«-.l) = 

(3*+l)(3«+l)(3 + l)(3-l). 
Ex. 16. 25AV-J=(5An«-J) (5An«+J). 



FRACTIONS. 

Art. 50. Ex. 2. Reduce —r, and — , and ^. 
2A w 3» 

abxBxxm=z Sabmx \ 

3n* X 2 A X 3ar= 1 8hn*x > The numerators. 

2A X mx g= 2ghm ) 

2A X m X 3a;= 6Ama? The common denominator. 

_, . . - , Zahmx , 18/zn'a: , 2aAm 

The fractions reduced are — r — , and —i , and -^ — . 

Qtimx Diimx Qhmx 

Ex. 3. Reduce -, and -r-, and -. 

4' y"' x+2 

lXy»x(a:+2)= xy'+ 2y* ^ 

4x2x(ar+2)=8a: +16 >• The numerators. 

4xy"x(l-a)=4y« - 4ay«) 

4 X ^ X (« + 2) = 4a^ + 8^* The common denominator. 

The fractions reduced are ^^1, J^^,. "^j""^ 
4ay' + 8/ 4ay + 8y* 4a:y*+8y^ 

2 2 

Ex.4. .Reduce- — rr/and. — -. 
«+2 «— 2 

2* 
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2 X (ar-2)=2ar-4 ) ^^ ^^erators. 
2x(a;+2)=2a;+4j 
(x+2) («— 2)=a;'— 4 The common denoaunatGf. 
2a:— 4 2a? +4 



The fractions reduced are 



a:«-4' ^^4:' 



Aet. 164. Ex. 4. Reduce «— r- 

K n h n— A . 
3 3 3 3 



2a:*— 1 
Ex. 6. Reduce 1 H — - — . 
6x 

, 2«"— 1 6a?+2a;"— 1 . 



3« 
Ex. 6. Reduce 2y 



y— 2a 

8af 2y*— 2ay— 3af . 
y— 2a y— 2a 



1 X 

Aet. 165. Ex. 6. From - sub. -. 

a 2 

2 oa; 2 — cue 
Red. to Com. Denom. - — tt^'-i; — » -^'*'- 
2a 2a 2a 



Ex. 7. From ^i^ sub. ?^. 
y 3a; 

^ , ^ ^ , 3«'+6a; y"— 2y 8a;*— y*4-6aj+2y . 

Red. to Com. De'm. ^ -i— -? = ^, % -4nt. 

3a^ 3a^ 3a^ 

I — 2a « a— 2 

Aet. 167. Ex. 4. From 2y+ar — — — sub. y— 2a?+-— — . 

3 iB 

1— 2a 6y+3fl5— l+2a 
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a— 2 2y— 4a?+a— 2 



2 2 

Reduced to Common Denominators. 
12y+6af— 2 + 4a 6y— 12«+3a— 6 6y-|-iar+a+4 



6 6 6 



Art. 168. Ex. 4, Mult. |— ^ by 5^. 

2— « a— 6 2a— 26— oaf+to ^ 
1+y y-2 — y+y"— 2 

Ex. 5. Mult -?- by i. 
3— n "^ 6 

2 12. 
r— X'r=7- — —, -dlW. 
3— n 5 16— 5n 

Aet. 169. Ex. 3. Mult. -^. i and !^. 
3— n 2 a? 

3— n 2 a; 6a;— 2nd; 

„,..-, 8a? 5 , 1 + 26 
Ex 4. Mult, -r-t -f and — ■ — . 
*** y« ' 2 4— a 

3a? 6^l+26_16^+306flf 

7^2^"4=S"""8y'-2ay»' -^'^^• 

,^ -, -^. 2a*— a? . a'- 2a? 

Art. 166. Ex. 6. Div. ^. by r— . 

2A "^ n 

2a*— a? n __ 2a*n-^nx ^ 

"ir'^?=r2i""2a«A-4Aa?' ^ * 

Ex.6. Diy.^Hy-3^. 
3 -^ a6— 1 

a6+l o6-l a'ft'-l ^ ^ 
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SIMPLE EQUATIONS. 

Art. 192. Ex. 3. Reduce 24 + 5ar— 30=169— 6«. 
Transposing, 6ir+6a?=159 +30—24 

Uniting terms, 1 lx=: 1 65 

Dividing by 1 1, «= jr-=il5, Am. 

v^ A r> J 2i— 7 ^ X a?— 13 

Ex. 4. Reduce — -. 6 = . 

3 4 2 

Clearing of fractions, 8a?— 28— 60=3ar— 6ar+78 

Transposing, 8a?+ 6a:— 3a;= 60 +28 +78 

Uniting terms, '" lla?=166 

Dividing by 11, *=^- 

3 

Ex. 6. Reduce 3ar+8+-ir= 7^—22. 
2 

Clearing of fractions, 6a;+16+3ar=14ir— 44 

Trans, and unit, terms, 5a:=60, and «=12. 

Ex. 6. Reduce 5f — |=2a?— 16|. 

Clearing of fractions, 23— 2a?=8a;— 67 

Trans, and unit, terms, X0ir=90, or «=9. 

•r^ ._ ^ . Sx *Jx Sx *Jx 
Ex. 7. Reduce -^-— +_=:if: -15. 
6 10 4 8 

The least common multiple of denom. =40 

Clearing of fractions, 24a;— 28a?+30ar=35ir— 600 

Trans, and unit, terms. 9ar=600, and a?= =66|. 
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a? . a? X ^ X 



Ex. 8, Reduce - + --^=7ar---.734. 
Zoo 4 



Mult. Sy 60, .. . 30«+20«—12a?=420aj— 16a?— 44040 
Trans, and unit. terms» 367a?=44040; and xal20. 
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Ex. 9. Reduce — a?+134— — a;=rlla;+-ar+7J. 
6 o o 

Mult, by 24, 124a:+3216— 104ar=264ar+9a;+180 

Trans, and unit, terms, 253ic=3036, and af=12. 

„ ^ , oar— 10 X 5—5 
Ex. 10. Reduce — - — = r— . 

Mult, by 6, 2aa;—20=3ic-- 26+10' 

Transposing, 2flw?— 3a;=30— 26 

*.. , , V 30—26 

DiY. by (2a-3), ^ ^^^^^Z^' 



Ex. 11. Reduce ^^i- = ^+12. 
a 

Mult, by ah, 6a;+36=aa;+12a6 

Trans, and div. by (6— a), 6a;— aa?=i:12a6— 36, & x=: — ^-- -. 



Ex. 12. Reduce 1=6. 

X 



Mult by a?, a— l-a;=6a? 

a— 1 
Trans, and div. by (1+6), a:+6a;=:a— 1, and «==Y+6* 



3 
Ex.13. Reduce 13— ^-3Y=11. 

Mult, by (2a;- 1), 26a:— 13-3=22a;-ll 

Trans, and unit, terms, 4a?=6, and «=7» 



Ex. 14. Reduce « — |=a;— 21. 
2 o 

Mult, by 6, 3a;— 2a;= 6a;— 1 26 

126 
Trans, and unit, terms, 6af=126 Div. a;=— =26^. 
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Ex.15. Reduce 1-^ = 1-4 
8 4 2 12 

Mult, by 12, 4«— 3a;=:6a?— 6 

Trans, and unit, terms, 5^=5 Div. a;:=l. 

Ex. 16. Reduce ?^-i2=«- ^. 
3 2 4 

Mult by 12, 8ar+20-144=6a?-3a;+21 

Trans, and unit, terms, 5a;=145 Div. jr=20. 

Ex.17. Reduce ^-^^^ = 7-16. 
2 3 4 

Mult, by 12, 6a?+42— 8x+28=3a?— 180 

Trans, and unit, terms, 5a;=250 Div. a;=50. 

Ex.18. Reduce — -— = — ^ + —^ *. 

7 5 2*0 

Mult by 70, 

60«-10-42a:+112=560-35a:-Y0+66a:+14-70af 

Trans. 60a?-42a?+35a;—66a?+70a?=560— 70+14— 112+10 

Unit terms, 67af=402 Div. :p=6. 

Ex. 19. Reduce 



4 6a?— 6 2 12 

Mult by 60a?- 72, 

SOa;"— 81a;+64— 48a?+108=30a:*— 66a;+36— 35a?+41 
Trans. — 81a?— 48a?+66a?+35ar=36+42— 108— 64 
Unit terms, 28a?=84 Div. a?=3. 

Ex. 20. Reduce {a--x) (6+a;)-6(a-c)+a!«=:— . 

Mult by 5, {a--x) (6"+5a^)-6«(a-c)+&r«=a«c 

Or, a6"-6«a?+a6a?-6a;"-a6'+6*c+6a?=a«c 

Trans, and unit terms, ahx^l^x^zah-^Ve 

Dir. num. and denom. by (fi—h), (Art. Ill), a;=r(a+6)- 



:6: 


6ar- 
• 8 


i:12. 




84- 


-12a? 


25ar- 


-20 
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7— a? 
Ex. 21. Reduce — -- 
6 

Mult extremes and means, 

O o 

Clearing of fractions, 84— 12a:=50a?— 40 

Trans, and uniting terms, 62^7=124, and x=2, 
Note. — It is to be observed in the solution of these examples, 
that the equations are deared of fractions by multiplying both 
sides by the least common multiple of the denominators. 



Problons. 



Art. 19§. Prob. 7. Let the number be denoted by x. 

2x 
By the conditions, 2a?= -— -f-45. 

Mult, by 6, 12a:=:2a?+270 

Transposing, 10a;=:270 Div. a:=2Y. 

Prob. 8. Let x denote the price per bushel. 

Then 14xz=i the amount received for 14 bushels. 

22af= " " 22 " 

By the conditions, 22a;— 14a;=56 

Or, 8a:=66, and «=7. 

Prob. 9. Let x denote the required number. 

X 

By the conditions, 3a;— 25=38— - 

2 

Mult, by 2, 6a?— 50=76 — « 

Transposing, 7a?= 1 26, and a;= 1 8. 

Prob. 10. Let x denote the num. of gals, in the 4th cask. 
Then 2x, Ax, and 12a; will equal the number of gallons in the 

third, second, and first respectively. 

By the conditions, 12a?-H4a?+2a?-f-a?=209 

Uniting terms, 1 9a;= 209, and x= 1 1 

Therefore 2a?=22=gallons in the 3d, 4a;= 44= gallons in 

the 2d, and 12a?=132=gallons in the 1st. 



Prob. 11. Let X = the greater, then the smaller will = 75— a;. 

By the conditions, — - =6 

Mult, by 10, 2a?— 75+a;=60 

Trans, and unit, terms, Szz=zl35 

Therefore a?=46= the greater, 75— ar= 30= the smaller part. 

Pbob. 12. Let xz=z the ficst piece of metal* 
Then a;+5= the second, and x+5+*!= the third. 
Also, x+x+5+x+5+1=62 

Trans, and unit, terms, 3a;=45, and a;=15. 

Therefore the three pieces weigh 16, 20, 27 oz. respectively. 

Prob. 13. Let a; = the first number. 

Then x+m=i the second, x+m+n= the third. 

By supposition, 'x+z+m+x+m+n=a 

Trans, and unit, terms, 3a?=a— 2m— n 

▼X a— 2wi— n . - ^ 
Hence, x = = the first. 

a— 2m— n . a-\-m—n ^, , 

|-m= = the second, 

3 3 

a+ni'-n . a-f-m+2n ^, ^, . , 

j-n=: = the third. 

3 3 

Prob. 14. Let x denote the number. 

XXX 

By the conditions, - + - + 7=a;+6 

2 3. 4 

Mult, by 12, 6a?+4«+3a?=12ar+72 

Trans, and unit terms, x=l2. 

Prob. 15. Let x = the sum received by each. ^ 
By the conditions, «+12=(a:— 3)x4 

Transposing, 3a;=24, and x^B, 

Prob. 16. Let x denote the number. 
By supposition, («— 6)m=a:+a 

• Transposing, mx—x=a+bm, Div. xz= ^ , 
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Peob. 17. Let X = the cavalry. 

By the conditions, x+4x+^x=zlS00 

Unit, terms, 12a;=1800, and a;=160. 

Hence 4a?=600= the artillery, 1x= 1060= the infantry. 

pROB. 18. Let X = the third part, then nx = the second, 
mx = the first. 

By supposition, x+mx+nx=za 

Div. by coeflf. of a?, a?= 

m+n+l 

Hence — ; — r— = the first, and — ; — —- = the second. 
m+n+l m+n+l 

Prob. 19. Let 4a;=A's portion, then 7a;=B's, and llaJ=C's. 
By the conditions, 4x+^x+llx=660 
Unit, terms, 22a;=660, and a?=30 

Hence 4a:=120=A's portion, 7a;=210=B's^lla:=330=C's. 

Prob. 20. Let x = the weight of the flour. 

Then 2= weight of rice, and — -- — = weight of water. 

6 40 

X 6a:— 10 
By the conditions, x+ - — 2H — — = 18 

• Mult, by 40, 40a;+8a;-80+6a:— 10=720 
Trans, and unit, terms, 64ir=810, and iP=16 

Hence 2=1= weight of rice, — -— = 2 = weight of water. 

Art. 200. Prob. 21. Let 2x, 3x, and 5x represent the pieces. 
Then 2x+Bx+5x:=z 1 Ox= the whole quantity. 

Therefore by the supposition, 2a:— 12+3a;— 12+6a:— 12=7« 
Trans, and uniting terms, 3a: =3 6, 2d piece; 

And 2a:=24, Ist piece; 6a:=60, 3d piece. 

Prob. 22. Let a? = the less, a:+21 = the greater. 
By the conditions, 2a:+21 — 9=3a? 

Transposing, a:=12, the less, a?+21=33, the greater num. 
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Pros. 23. Let x == number of men. 



If X men work, each man does - part of the whole work, 

X 

Tf ^+5 " ** " " ** — — — ** " ** ** 

af+6 

The amount of work done by each is proportioned to the 

time occupied. 

• Therefore, - ; — -— : r 6 : 4 

X «+5 

4 6 
Mult, extremes and means, -> = — : — 

X x+6 

Clearing of fractions, . 4rr+20=6a; 

Transposing, 2j;=20, and «=:10. 

Pbob. 24. Let x = number of inhabitants in A. 

3 Y 3 

Then -ar=rnum.j6f inhab. in B, and ~ x ;;«=num. of mhab. m C. 
2 o 2 

3 21 
By the conditions, ar+ r i» + 77:*= 4600 

Mult, by 10, 10aj+16a?+21a?=46000 

Uniting terms, 46a;=: 46000, and «=1000 

3 21 

Therefore, -«=1600, num. in B, — a;=2100, num. in C. 
2 10 



Pbob. 25$ Let x = the whole sum. 

5-1000= A's share, f+200=B's, f+300=C's. 
2 o 4 

And | — 1000+1+206+ T+300=a? 

^ 34 

Mult, by 12, 6fl?— 12000+4flr+2400+3flr+3600=:12« 

Trans, and unit, terms, «=G000 

- — 1000=2000, A's share, | +200=2200, B's share, 
« 3 

and J +300=1800, C's share. 
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\ 



Paob. 26. Let x = the original capital. 

Then ?a?+400=2d cap. ?(|aj+400J+200=|+600=3dcap, 

X 1 /x \ 

By supposition, - +600 1- +500 1=1600 

Or, ^^|+60o)=1600 

2x 
And —+400=1600 

5 

Mult, by 6, 2flr+2000=8000 

. Hence, 2a?=6000, and «=3000 

Prob. 27. Let x—l = the 1st part. 

Then a?+5=2d, 7 =3d, and 3a?=4th. 
4 

Ako x^1+x+5+ T +3a;=103 

4 

Unit, terms and mult, by 4, 21d;=420, and ;r=20 

Hence ^— Y=13, 1st part; iP+6=25, 2d; 

X 

- =5, 3d ; and 3a?=60, 4th. 

4 

Prob. 28. Let «=B, ■-a?=A. 
4 

(2 \ 2 /3 3 \ 

-a?+12j ss-l^af— 5^+31 

By reduction, o ""^^^TTTT^+r 

3 20 5 

Mult, by 60, 20iP-720=9a?+72 

o 

Transposing, lla?=792, a?=72=B, -ar=:54=A. 

Prob. 29. Let x = the fraction of a pound of the 12 cent 
sugar, contained in 1 pound of the mixture; then (1— «) will 
denote the portion of the 7 cent sugar in 1 pound of the mix- 
ture, 

. 3* 
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Now 12 X ^ = the value of the portion x 

AndY(l— a?)= " " " 1— ar 

Therefore by the supposition, 1 2x+ 7(1 —x) =10 

3 2 

Trans, and unit terms, Zx=b, ar=-, and 1— a:=- 

5 5 

Hence 1 pound of the mixture must contain f of a pound of 

the sugar worth 12 cents a pound, and f of a pound of the 

sugar worth 7 cents a pound. 

Pros. 30. (This is the preceding problem generalized.) 
Let x = the portion of the 971 cent sugar in 1 lb. of the mixture. 
Then (!—«)= " " n " " " " " 

Now mx = the worth of the portion x 
Andn(l— a:)= " " " (1— «) 

Therefore by the supposition, ina:+n(l— fl;)=r 

Transposing, (m— n)iP=r— », jj= 

And 1 — aj= 1 = 

Therefore each pound of the mixture must contain of 

m— n 

a pound of the m cent sugar, and of a pound of the n 

cent sugar. 

Pros. 31. Let Bx = the lai^er bucket, and 2x = the small- 
er. Then since the smaller was emptied 36 times, while the 
larger was emptied | as often, or 27 times. 

We have 72a?+27 X 3a;=765 

Uniting terms, 153^= 7b5, and rr=:5 

Therefore 3a;=16, the larger, and 2flr=10, the smaller bucket 

Problem 32. 
Let x =z number of days the flour would last the man alone, 

- = the portion he would consume in a day. 



SIMPLE EQUATIONS. 31 



— = the portion his family consume in a day when he is ahsent. 

— =: what the man and his family together consume in a day. 

Therefore - = 

X 60 60 

Mult, by 300a:, 300=6a:— 5a; 

Or, a;=300 days, the time required. 

Problem 33. 
Let X = number of days the flour would last the man alone. 
-= the portion he would consume in a day. 

X 

= the portion his family consume in a day when he is absent. 

— =what the man and his family together consume in a day. 
Therefore = - 

W» Wl + Tl X 

Clear, of fractions »ia;+ wa;— mar = m(wi + n) 
And a?= — ^^ days. 



Prob. 34. Let x = the number of gallons of each kind. 
The merchant paid 4a; for the one, 7a; for the other, and re- 
ceived 6 X 2a; for the mixture. 

By supposition, 1 2a;— 1 8 = 4a; + 7a; 

By reduction, a? =18, num. of gals, of each, 

Prob. 35. Let x = the number of gallons of each kind. 
mx is paid for the one kind, nx for the other, and 2ra? is re- 
ceived for the mixture. 

By supposition, 2ra;— a=»ia;+waj 

By reduction, ar= gallons. 

3* 



Phob. 36. Let x = the number. 
By the conditions, x+2 : x+b : : x+5 : ir+H 

Mult extremes and means, a?' + 13a?+22=a:*+10ir+25 

Transposing, dx=S, and x=l. 

Prod. 37. Let x = the number. 
By the conditions, x+a : x+b : : ar+ft : x+c 

Mult, extremes and means, a^+ax+cx+ac=a?+2bx+I^ 

By reduction, ax+cx--2hx=zV—ac, and «= -— -^. 

Paob. 38. Let a? = A's share. 

Then a;— 300 = B's, and a:+200 = C's. 
By the conditions, a;+a;— 300 : a:— 300+a?+200 : : 7 : 9 

Or, 2a?— 300 : 2a;— 100 : : 7 : 9 

Mult, extremes and means, 18a;— 2700= 14a;— 700 
Transposing, 4a;=2000, and a;=500, A's share 

And a;— 300=200, B's, a?+200=700, C's. 

Prob. 39. Let x = A's share. 

Then x—m = B's, and x+n = C's. 
By the conditions, 2a;— m : 2a?— «i+n ::p:q 

Mult, extremes and means, 2qX'-mq=2px^mp+np 

By reduction, 2qX''2px=:p{n—m)+qm 

Div. by 2{q^p) ^= 2{q-^p) 

And^-m= ^("+^)7"' and^+n=^('"+J"^i"+"\ 
2((?-i>) 2{q^p) 

Prob. 40. Let a; = the number of acres'of wheat. 

Then 26— a?= acres of rye, (26— ar)x 1 = wages for reaping 

the rye, and a? x 1.25 =2* = wages for reapmg the wheat. 

By the supposition, 26— a; +7 a;= 30 

4 

Uniting terms, 7^=^' ^^^ a;=16 

Therefore, 16 X 1.25 =$20, wages for reaping the wheat. 
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Prob. 41'. Let X and 16— a: be the two parts. 
By the conditions, a^— (225— 30a:+a^)=105 
Trans, and unit, terms, 30a;=330, and a?=ll, Ist part 
And 15— a;=4, 2d part. 

Pkob. 42. Let x and a— a; be the parts. 

By the conditions, «*— (a*— 2aar+a;*)=<? 

By reduction, 2ax=a^+d, and a;= 

Also a—x=za — =-- 

2a 2a 



Prob. 43. Let x = the original sum. Then a?— 432 = re* 

1 2 

mainder after paying creditors; a;— 432— -(a:— 432)=- a?— 

288= remainder after lending his friend. 

2 1/2 \ x 
Therefore -«-288 - -f-ar— 288) = ^ 

3 4\3 / 6 

Or, £>r-288-lar+72=| 

Uniting terms, --210=- 

Mult. by 10, 5a;— 2160=2a:, 3ar=2160, anda;='J:20. 



Prob. 44. The dial plate of a clock is divided into 60 equal 
spaces. When the clock strikes two, the distance between the 
hands is 10 of these spaces. Now let x = the distance passed 
over by the hour hand after two o'clock before the minute hand 
overtakes it; thena;+10 will equal the distance passed over 
by the minute hand during the same interval of time, and since 
the minute hand moves 12 times faster than the hour hand 

We have the equation 12a;=sl0+a;, and a;= — 

Therefore the time required is 10|f mmutes past two 
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150 
Pros. 45. Let x = number of gallons ; then — = price 

per gallon, l-a;— 6 1 = quantity first sold, at a profit of 50 per 

225 
cent. ; therefore at per gallon ; and the amount received 

, /. 1 . /2 \225 , ^ 1125 

at the first sale IS I -a;— 51 = 150 . 

\3 / a; X 

j-a:+5 1 = quantity sold last, at a profit of 125 per cent. ; 

therefore at '- per gallon ; and the amount received at the 

J 1 . /I . .\ 337.5 ,,,, , 1687.5 

second sale IS I- a? -H 5 1 =112;5H . 

\3 / a; X 

« , .. 1125 1687.5 

By the supposition, 150— I-112.5H =150x1.80 

X X 

Clear, of frac. 150a?— 1125 + 112.5a;+1687.5=270a; 
Trans, and unit, terms, 7.5a;= 562.5, and a;=75. 



Pbob. 46. Let x = the whole number of ships. 

__ XX X 

Then - = num. taken ; - -»- 1 = num. burnt ; - + 2 = num. sunk. 
5 5 5 

XX X 

By the conditions, a?=-H 1 + --+2 + 13 

5 5 5 

Mult, by 5, 5a;=a;+a:— 5+a?+10+65 

Uniting terms, 2a:=70, and a;=35. 



Prob. 47. Let x = the quantity of wheat. 
When wheat is worth a dollar a bushel, the value of the 
wheat is 1 Xa? ; and the whole rent in this case is 80 +a: ; which 

is 8 dollars per acre, and hence the number of acres is • 

At $1.25 per bushel, the value of the wheat is «x 1.25=7a:; 

4 
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and the whole rent will be 80+ -a?; which brings 9 dollars 

per acre, and hence the number of acres is ■ . 

^ 4X9 

17 X- xi- X • i. xi- 80+^ 320+5« 
Equating the two expressions for the acres, — - — = — • 

Clearing of fractions, 720 + 9a;= 640 + lOa? 

Transposing, aj=80 

a V . 1. r 80+a; 160 ^^ 

Subs, m number of acres, — - — = — - =20 acres. 

o 8 

Prob. 48. Let z = the quantity of wheat. 

When wheat is worth m dollars a bushel, the value of the 
wheat is mx; and the whole rent in this case is a+rnx; which 
brings in p dollars per acre, and hence the number of acres is 
a+mx 

P 

At n dollars per bushel, the value of the wheat is nx ; and 
the whole rent will he a-^-nx; which is q dollars per acre, and 

. <1-{'71X 

hence the number of acres is . 

•r. X' xi. X • r XT. a+mx a-^nx 
Equating the two expressions for the acres, = 

Clearing of fractions, aq+ mqx = op + npx 

Transposing, {np~'mq)x=:aq~'ap, and x= — — - , 

np — ffiq 

Subs, this value m the number of acres, we shall have 

a+nx __ « , anq—anp anp—amq+anq—anp __^ a(n~ m) g 

q q q{jfip—mq) "~ qinp—mq) np^mq P 

Prob. 49. Let x = the distance B must travel; then a?— 15 
will equal the distance passed over by A in the same time. 
And since B goes five miles while A goes four, the whole dis- 
tances must be in the ratio of these numbers. 

Therefore, x : «— 15 : : 5 : 4 

Mult, extremes and means, 4a:=6a?— 75, and x=l5. 
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Prob. 50. Let x = the distance B must travel ; then x-^d 
will equal the distance passed over by A in the same time. 
And since B goes m miles while A goes n, the whole distances 
must be in the ratio of these numbers. 

Therefore, x : x^d ::m:n 

Mult, extremes and means, nx=zmx—md 

And a?= . 



Simple Eqtiatioxii containing Two Unknown QnantitiM. 

Prob. 2. Let x = the greater number, and y = the less. 
By the 1st condition, a?— y=a (1) 

2d " flr=my (2) 

Trans, y in (1), a;=o+y (3) 

Equating (2) and (3), wiy=a+y 



Or, my— y=a, and y= • 



a 



m— 1 

Subst. this value of y in (2), ic= • , 

m — 1 

Pbob. 3. Given ax-~by=:e } Trans, and div. — y=: 



-6y=c } 
r— y=<? ) 



b 
And x—y^d ) Trans. — y=<?— a? 

Equating these values of —y, =d—x 

Mult, by b, €-~ax=zbd^bx 

Transposing, bx—ax^^bd—c, and div. «= -7 — . 

Pbob. 5. Let x = the numerator, and y = the denominator. 

x-\-2 2^ r 

Clearing 3a?+6=2y (1) 

of \ 

fractions, I 2ir=y+l (2) 



3 



By the conditions, ^ 

' XI 

y+T""2 
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Find, the value of y in (1) and subst. in (2), 2a? = — 2L. + 1 

Mult, by 2, and trans. 4a?— 30?= 6 +2, and a;=8 

Subst this value of a? in (2), y-f 1 = 16, and y= 15 
Therefore the fraction is ^. 

Prob. 6. Let 0? = the greater number, and y = the less. 
By the conditions, x+y : x-^y : : 9 : 4 (1) 

And ar— 2y=3 (2) 

Mult, extremes & means of (1), 4a?+4y=9af— 9y,or6a?=rl3y (3) 

But (2) gives a?=3+2y ; and substituting this value in (3) 
We have 15 + 10y=13y, or 3y=15, and y=5. 



Pros. 11. Given|+|=2 
5 o 

And ? + ?^=H 
3^4 6 



Clearing r6a?+6y=60 (1) 

of \ 
fractions. I 4a?+3y=:38 (2) 

Mult. (1) by 2, 12flr+10y=120 (3) 

" (2) " 3, 12a?+ 9y=114 (4) 

Subtracting (4) from (3), y=6 

Subst. this value in (1), 6ir-J-30=60, or 6a?=30, and x=z5. 

Prob. 12. Given (a?+l) (y+2)=(a?-.l) (y-2)+26 (1) 
And 6a;— 8y=:l (2) 

Mult, factors and unit, terms of (1), 4af+2y=26 (3) 

Mult. (3) by 4 1 6a?+ 8y = 104 <4) 

Adding (2) and (4), 21a?=105, and a;=5 

Subst. this value in (2), 25— 8y=l, or 8y=24, and y=3. 

^ ^. 0?— 4 . y— 0? . 10— y 19 

Peob.18. Given -^ + ^ + -^2^ = - 

And £±^ + ^_y=l = 3 
6 2 3 

Clearing of liactions, { *''",+;J'+?7+3l Jy+Jll^ 
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Uniiingtenns, {ZZ ';=ll 

Mult. (1) by 2 and add. it to (2), — 4a;+10y=60 



(1) 
(2) 



Subst. tills value in (2), 



Given =«t (1) 



9y=63, andy=7 
4a:— 7=13, or 4x=z20, and a?=5. 

Problem 15. 

Mult. (1) by c, - - - =cw (3) ^ 



And ---=n (2) 
X y 



'• (2) 



Subtract. (8) from (4), 

Or, 

Again, mult. (1) by d^ 

And " (2) " 6, 

Subtract. (5) from (6), 



ac ad 

a, =an (4) 

X y ^ r 

he ad 

z^an—cm 

y y 

be—ad=y{an—cm), and y= 



fy, a 


LIU. y- 


an- 


-cm 




ad 


hd 








X 


"y' 


-dm 




(5) 


he 


hd, 








X 


J' 


=bn 




(6) 


he- 


-ad 








X 


X 


=bn- 


'dm 





Or, 



bc''ad=:zx{hn—dm), and x= 



he— ad 
bn — dm' 



Pbob.16. Given 1^=9, and i^ = ?. 
x+1 y— 1 2 

ni ^ir * J10a;+ y=9a?+9, or «+ y= 9 (1) 
Clear, of fract. j 20a:+2y=9y-9, or 20^+7y=-9 (2) 
Mult. (1) by 1 and add. it to (2), Va?+7y=63 

27a;=54, and a?=2 
Subst. this value in (1), 2+y=9, or y=7, and the num. is 27. 

Prob. 17. Let I0x+y=: the number required. 
By the conditions, i^^ =a (1), and i5?±^ =6 (2) 
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Clear. (1) of fract. I0x+i/=ax+am, or (10— a)a;+y=aw (3) 
" (2) " 10a:+y=6y-6n,orlOa?+(l-6)y=-6w(4) 
Mult. (3) by (1-5), 

10X'-ax--lObx+ahx+{l'-b)i/=am-^abm (6) 
Subtract. (5) from (4), 

a;(a4-10o— ao)=a6m— am— o», or «= : 

a+106— a6 

Again, mult. (3) by 10, 10(10-a)a;+10y=10aw (6) 

And " (4) " (10 -a), 

10(10— a)a;+y(10— a-106+a5)=a5n-105» (7) 
Subtract. (7) from (6), 

y(a+l06-a5) = 106n-a6n+10am, or 10^-«^+10am 

a+106— a6 
Therefore, 

^"" a+106-^^a6 ~" 

lOaJm- a5» a6(10r/t— n) 
a+106-«6 = a+106-«6 = *^' '''"^^' '^l"'"'*- 



Peob. 18. Let «= the numerator, and y= the denominator. 

10a:=7y-14 (l) 

6a;— 18=:2y (2) 



> Clear, of fract. -< 



Then Ji,= r 

And --—=:- 
2y 6. 

Mult. (1) by 2, 20a?=14y— 28 (3) 

" (2) " 7, 42a;-126 = 14y (4) 

Subtract. (3) from (4), 22a;=154, or «=7 

Subst. this value in (2), 2y=42— 18=24, or y=12 

And the fraction is •^. 

Peob. 19. Let x = one number, and y = the other. 
-By the conditions, — i^ = - (l), and x—yz= 6 (2) 

Mult, (l)byai «+y=¥ (3) 

o 



10 



Q/k* tm 

Adding (2) and (3), 2a:= -- + - - 6 

5 2 

Or, 20a?=18a:+5ir— 60, 3ir=60, and a;=20 

Subst. this value in (2), 20— y=10— 6, or y=16. 



Pros. 20. Let x = one number, and y = the other. 

J the conditions, =a (1), and x—y=: ^ —I 

X 2 

Mult. (1) by «, a?+y=(M; (3) 

25 



By the conditions, =a (1), andnr— y=-— 6 (2) 

X 2 

Adding (2) and (3), 2«=aarH 6 

2 



Or, 4x=z2ax+x-'2h, (2a— 3)a?=25, and «= 

26 ^ 

Subst. this value in (2), — y 



2a— 3 ^ 2a— 3 

^ 2a— 3 2a-3 

Pros. 21. Let x = A's money, and y = B's. 
By the conditions, ir+5==-— (1), and y+10=5«— 50 (2) 

Mult. (1) by 2 and trans. — y+10=— 2a?— 5 (3) 

Adding (2) and (3), 20=3a?— 55, Sx=zl5, and ir=26 
Subst. this value in (2), y+10=125— 50, or y=65 

Prob. 22. Let x = the barrels of wheat, y = barrels of rye. 

Then 5af+3y= the money paid; 6af+6y = the money re- 

. , , 33i(5a?+3y) 5x+Sy . 

ceived ; and — \^ - — - = — - — = the gam. 
100 3 ^ 

By the conditions, «+y=40, or «=40— y (1) 

And 6a?+6y=5a?+3y+^^i^ (2) 

3 

Clear. (2) of fractions, 18a:+ 18y= 15a?+9y+5ir+3y 

X 

Uniting terms, 6y=2a;, and y=2- 

X 

Subst. this value in (1), af=s40— -, 3a:=120— a?, and af=30. 



SIMPLE EQUATIONS. 41 



Prob. 23. Let x = the wheat, and y = the rye. 

Then mx+ny = the money paid ; r{x-\'y) = the money re- 

. - . mpx+npy 
ceived ; and ,^^ = the fifam. 
100 ^ 

By the conditions, x+y^=^a, or xz^a^—y (1) 

And ^+„y+?^^=,(,+y) (2) 

Clear. (2)offract. 100»i:r+100ny+2>waj+p»y=100ra;+100ry 

Transposing, lOOry— lOOny— /wy = lOOwwr— lOOraj+^pma; 

-^. ... , ^ . . - lOOmaf—lOOrar+www: 
DiTidmfi^ by coefficient of y, y= — — — -— 

« , ., . , . ,,v lOOmx—lOOrx+pmx 

Subst. this value m (1), x=za -—- -—- — 

^ ' lOOr— lOOn— /w 

Clearing of fractions, lOOrar— 1 00n« —/>?«?= 

a(100r— lOOn— 2^)— lOOmiP+lOOra:— ^pma; 

Or, a:(100»i— 100»+l>w— i>»)=a(100r— lOO/i— jpn) 

* ^ a(100r— lOOn— j»w) . . i. , . 

And «= -7 V /,^^ . V = the amount of wheat. 

(w— ») (lOO+p) 



Pbob. 24. Let x = the time in which A alone could do the 

work : y = the time in which B alone could do it : then - and - 

« y 
will respectively equal the amount of work done by A and B 

4 4 

in one day : also, - + - = the amount of work completed when 

20 
A is called off, and — equals the remaining portion of the 

work which B performs alone. 

12 12 

Then 1 = 1, the whole work. 

X y 

4 4 20 
And *+Z + fl = i, 

X y y 

Clearing of fractions, 1 2y + 1 ^x^xy (1) 

" " 4y+24xzsxy (2) 

4* 
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o 

Equating these values of xy, 12y+12a;=4y+24i?, or y= -x 

It 

Subst. this value of y in (1), --- +12a;= -«* 

o 
Dividing by x^ and reducing, -a;=:30, and ^=20. 



Prob. 25. Let x = the time in which A alone could do the 
work, and y = that in which B alone could do it: then - and - 

« y 

will respectively equal the amount of work done by A and B in 

n n 
one day : also, - + - = the amount of work completed when 

A is called off, and - = the remaining portion of the work which 

B performs alone. 

Then — | — = 1, the whole work. 

X y 

And tt + Hl + Lrr-l, 

X y y 
Clearing of fractions, my+mx=ixy (1) 

ny+{n+r)x=ixy (2) 
Equating these values of xy, my+mx=:^ny+{n+r)x 

Transposing and div. by coeff. of y, y= ^ ^ 

Subst. this value m (1), — ^ ^ +mx= — ^ '- 

• «i— n m^n 

Mult, by {m—n), and div. by «, 

mn+mr^fn?+ni?—mn^x{n+r'' m) 

And a?= . 
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Simple Equations containing Three or J/Loie Unknown 
Quantities. 

{a;+y— 2=a (1) 

x+z—t/z=b (2) 

y+2-a:=c (3) 

Adding (1) and (2), 2x=a+b, and a;= 

" (1) " (3), 2y=a+c,andy=^ 

64-c 
" (2) " (3), 2g=6+c, and 0=-^. 



Prob. 29. Let x, y, and z be the three parts. 

[ x+y+z=^6 (1) 

Then the conditions furnish, •< aj+lO : y+10 : : 6 : 9 (2) 

( y— 3 : g— 3 : : 2 : 3 (3) 
Mult, extremes and ( 9a;+ 90= 6y+ 50, or 9a:— 5y=— 40 (4) 
means of (2) and (3), I 3y— 9=22— 6,or3y— 22=3 (5) 
Mult. (1) by 2 and add. to (5), 2a;+5y=95 (6) 

Adding (4) and (6), lla;=65, and a;=5 

Subst. this value in (4), 45 — 5y = — 40, or 5y = 85, and y = 1 7 
Subst. the values of x and y in (1), 5 + 17 +2=46, or 2=24. 



Prob. 30. Let x = A's money, y = B's, and 2 = C's. 
Bythelstcond. a:+10=2y— 20 ) ( a;— 2y=— 30 (1) 

" 2d " y + 20=32— 60 [-Trans. -ly— 32=— 80 (2) 
" 3d " 2+ 6=5a:-3a) (2-5a;=-36 (3) 

Mult. (2) by 2, and add. to (l), ar— 62 = — 190 (4) 

Mult. (3) by 6, and add. to (4), — 29a;=— 406, or a:=14 
Subst. this value of arm (1), 14— 2y=— 30, 2y=44, y=22 

Subst. the same m (3), 2— 70=— 36, or 2=34 

4* 



u 
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Problem 31. 



Given 



x+|+g=18 

Z X 

X y 
.+2+1=25 



Clearing 

of 
fractions. 



6a: + 3y + 22 = 108 (1) 
6y + 32+2a;=138 (2) 
60+3a:+2y=15O (3) 



Mult. (2) by 3, and subtract. (1) from it, 15y+ 72=306 (4) 
Mult. (3) by 2, and subtract. (1) from it, y +*102= 192 (6) 
Mult. (5) by 15, and subtract. (4) from it, 143^=2574, or 2=18 
Subst. this value of 2 in (5), y+ 180=192, or y=12 

Subst. these values of y and z in (1), 

6a;+36+36 = 108, 6a?=36, «=6. 



Pbob. 32. Given 



i+i=« 

X y 

i+l=* 

X . z 



(1) 

(2) 
(3) 
(4) 



1 J 1 
- + -=<? 

y z 

Subtract (2) from (1), =a— 6 

^ ' ^ ' y z 

2 2 

Adding (4) to (3) ^=:a^h'\'C, or y= ^, , 

In like manner by subtract. (3) from (1), and ^ 

adding the result to (2), we obtain x~ 



Also, by subtracting (1) from (3), and adding 

the result to (2), we obtain «= 



2 



6+c— a 



Prob. 33. Let x, y, and z be the three digits, 
By the 1st condition, 

" 2d ** 
" 3d 



y=. 
lOOar+lOy+2 

«+y+2 

100a?+10y+2+198=1002+10y+« 



X+2 

=26 



snmiiE EQrAnoNs. 
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{2y— a:— 2=0 (1) 

74a:— 16y— 252=0 (2) 

99a?-- 992= — 198 (3) 
Dividing (3) by 33, a?— 2= —2, or a?=2— 2 

Subst. this value of x in (1), 2y— 22 + 2=0, or y=2— 1 
Siibst. tb«sfe values of a? and y in (2), 

^~^^ ^ jh:3j^(2—l)— 252=0 

Or, 742-148— 162+16—252^"Sr^2= 132, and 2=4 

Therefore y=4— 1 = 3, ar=4— 2=2, andJ&SJlumber is 234. 



Prob. 35. Given 



9w— 4a:+10y+32=9 
0w + 3a;+ 6y— 22=6 
— 6tt— 5a?+ 4y + 52=5 
— 3m— 3a?+ 8y + 22=3 
Subtracting (2) from (1), — 7a: + 4y + 52=3 

Mult. (4) by 3, and add. it to (1), —13a:+34y + 92=18 
Mult. (4) by 2, and add. it to (3), ^ a;_i2y+2= — 1 

Mult. (7) by 6, and subtract, it from (5), 

— 12a? + 64y=8, or — 3a:+16y=2 
Mult. (7) by 9, and subtract, it from (6), 

— 22a: + 142y=27 
Mult. (8) by 22, — 66a:+352y=44 

Mult. (9) by 3, — 66a?+426y=81 

Taking the diff. of the last two results, 74y=37, or y: 

Subst. this value in (8), — 3a: + 8 = 2, or a?; 

Subst. the values of x and y in (7), 2— 6+2= — 1, or 2; 
Subst. the values of x, y, and 2 in (1), 9w— 8 + 5 + 9=9, or «: 



(2) 
(3) 
(4) 
(5) 
(6) 
(7) 

(8) 

(») 



\ 

=2 

=3 
4. 



Prob. 36. Let a:, y, «, and 2 denote the parts. 

« + y+2 + M = 18 (1) 

. + ?l±i±!f=,0 (2) 

y + *-±i±!f = 8 (3) 

^ w + 2a?+2y + 22 = 31 (4) 



By the conditions. 
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Clearing (2) and (3) of fractions, | gy+^+J J"^24 (6) 

Subtract. (1) from (5), and from (6), xz=2, and y=3 

Subtract. (5) from (4), y+2;=ll, or 3+2=11, and 2=8 
Subst. the values of a?, y, and z in (1), 2 + 3 + 8 +tt= 18, or tt=5. 

Pbob. 37. Let X, y, u, and z represent the fdur digits. 
By the conditions, ^ " ' 

^..- x+y+u+z=l9 (1) 

^ i=y+tt, or a;— y— M=0 (2) 

-^ y=tt+0, or y— tt--0=O (3) 

.1000a?+100y+10t«+2— 8082=10002+100w+10y+« (4) 
Trans, terms of (4), and dividing by 9, 

lllar + lOy—lOw— 1112=898 (5) 
Adding (1) and (3), a:+2y=19 (6) 

Mult. (3) by 10, and subtract, it from (5), Ilia:— 1012=898 (1) 
Adding (1) and (2), 2x-\-z=\9 (8) 

Mult. (8) by 101, and adding it to (7), 313a;=28l7, or a;=9 
Subst. this value in (6) and (8), 9 + 2y=19, or y=5 

18+2=19, or 2=1 
Subst. the values of a:, y, and z in (1), 9+5 +«+ 1 = 19, or w=4 
And the number sought is 9541. 



RADICAL QUANTITIES. 

NoTB. — ^The examples in Involution and many of those in 
Evolution are mere illustrations of the rules, and of so simple a 
nature that it is thought unnecessary to exhibit solutions of 
them. 

Bednction of Badical Qnantities. 
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Ex. 6. *'v/a»6=" v/? X V^. But ''VcF^a. 
Therefore, WcFh^aVh. 

Ex. 7. (a»-a*i)i= V^x (a- 6)i But -v/?"=a. 

Therefore, (a«— a«6)^=a(a--6)i. 

Ex. 8. (54a«6)^=*v/27?"x(26)^. But V27a«=3al 

Therefore, (54a«6)^= 3a*(26)i 

Ex. 9. V98a*a;= -/igo* X V^. But V'49a*= 7a. 

Therefore, VoSa'isz: *Ja V2x, 

Ex. 10. Va'+a'^*— V^X ' VT+6*. But *-/?"=«. 
Therefore, VaM^*=aVH^ 



])[tiltiplioation of Badical Quantities. 

Art. 295. Ex. 1. Reducing the quantities to a common 
mdex, v^a=Va'. V6=V6". 

Therefore, Va x V&= Va' X V6'=* Vo^ 

Ex.2. 5^/5X3^/8=16^/40. v/40= v^4x \/10. 
But v^4=2. 

Then, ^/40=2^/10. And 15^/40 = 15X2v/10, or 30>/10. 

Ex.3. 2n/3=2V2'7. 3V4=3V16. 
Then, 2v/3x3>/4=2 V27x3 Vl6=6 V432. 

Ex.4, ^/cf=•^/5^ 'Va6='Va^.. 
Then, v^c?x'Va6='V5^x'Va^='VaW». 

Example 6. 

aVa—x, mult, by (c— c?) X Vai=(ac— ocQ X Va^ar—aa;*. 
For the rational parts, a x (c— ^, give (ac—ad) ; 

And the radical parts, Va— « X Vara -y/a'a?— a«*. 
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Division of Badical Quantities. 
Abt. 299. Ex. 1. Reducing the quantities to a common 
index, 2'V^=2V6Vr S\/^c=3'V^ 

Then, 2'Vb^-i^sV^=2'V^-i-3'V^=:?-i/?^=^i/L. 

Ex.2. 10Vl08-r5V4=:2V2';r. But V27=3. 
Therefore, 2V27=2x3=6. 

Ex. 3. 10v^27-f-2v^3=5>/9. But v^9=3. 
Then, 5>/9=5x3=:15. 

Ex. 4. 8^/108-^2v'6=:4^/18. 
But y/lS=zV9Xy/2. And ^/9=3. 

Then, v^l8=3>/2. And 4v^l8=4X3v^2 = 12v/2. 

Ex.5. y/d=V(P. 

Then, • (a«6W)*-f. V(?=(aV)*, or {ab)\ 

Ex. 6. 2a = Via*. 

Then, (16a'~ 12a•a:)i-^ \/4?=:(4a-3ar)i 



Miioellaiieoni Ezamplei. 
Art. 310. Ex. 1. V8T?=^/9a! 
But ^^9^^= v^9 X V'a. And v/ 9 =3. 

Therefore, ^ v^slo* v^ 9a = 3 Va. 

Ex. 2. The 6th root of (a+6)"*'=(a+5)~'^^=(a+6)'"i. 

Ex. 3. The nth root of (ar— y)^=(a;— y)6^» =(«— y)6r. 
Ex.4. (-.125a»a;^i=-5aiJ«. 

4a^ 2a' 
Ex. 5. The square root of -—t— , = — . 
^ 9«*y* 3ay 



RADICAL QUAimriEB. t9 

Ex. 6. The 6th root of -777^— = -r-. 

Ex. 7. By Art. 277, the sq. root of a^— 66aj+96*=ir— 36. 

y* y 

Ex. 8. The square root of a"-f-ay-f- ^ =a+ -. 

Ex. 9. or*, in the form of the 6th root, is (aV)*. 

Ex. 10. — 3y, in the form of the cube root, is (— 27^*)*. 

Ex. 11. a* and a^, under a common index, are (o*)^ and a'^. 

Ex. 12. 4^ and 5*, under a common index, are (4^)" and 
(5') A or (256)^^ and (125)^. 

Ex. 13. a* and b*, under the index I, are (a^)» and (6')* 

Ex. 14. 22 and 4^ under the index |, are (2^)» and (4»)«', 

or (16)^ and (16)*. 

Ex. 16. \/294=:v/49x>/6. But v/49=:7. 
Then, v^294=7v/6. 

Ex.16, v^o:*— aV= v/a!*x ^^^-a*. But v/a^=ar. 
Then, v^*'— aV=aj>/x^I^ 

Ex. 17. v^r6^=v^l6a*X v/a?. But v^l6a'=:4a. 
ITien, >/l6a'a?= 4a v/«. v^4a*i= >/4? x >/«. 

But ^/4a•=2a. Then, v^4a«i=2a>/jr. 

Then the difference of the quantities =z4ay/x—2a%/x=2a^x. 
And the sum of the quantities = 4a \/;r +2a \/;r= 6a \/a;. 

Ex. 18. Vl92=V64 X V3. But V64=:4. 
Then, Vl92=4V3. V24=V8xV3. 

But V8=:2. Then, V24=2V3. 

Then the difference of the quantitie8=:4 V3— 2 V3=2 V3. 
And the sum of the quantities =4 V3+2 V3=6 V3. 

6 
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Ex. 19. 7 V18X6 V4=36V72. 
But V72=V8XV9. AndV8=2. 

Then, V'72=2V9. And 35 V72=36X2 V9=70 V9. 

Ex. 20. Mult. 4+2^^2 
By 2- v/2 
8+4v^2 
— 4\/2— 4 



Ans. 8 -4=4 

Ex. 21. Mult. a{a+y/c)^ 
By 5(a- Vc)^ 

Ans. ab{a*—c)^. 
The product of the quantities in the parentheses is, by Art. Ill, 

(«'-c)i 

Example 22. 

limn m | w 

2(a+6)» X 3(a+6)« =2(a+6)^X 3(a+i)«»=6(a+5) ««• . 

Ex. 23. 6^/64-^3^/2=2^/27. 
But V21=:V9XVS. And %/9=3. 

Then, v^27=3v^3. And 2v^27=:2x3v/3=6v/3. 

Ex. 24. 4V72-~2 Vl8=2 V4. 

Ex. 25. V1=W1\ And V7=V7«. 
Then, V7'-7-V7«=VV. 

Ex. 26. 8 V512-f-4 V2=2 V256. 

V256=V64xV4. But V64=4. 

Then, V256=4V4. And 2 V256=:2x4 V4=8 V4. 

Example 27. 
(l7v/21)»=l7^/21xl7v/21xl7^/21 = 103l73v/2l. 

Example 28. 
mie square of 5+ ^/2, by Art. 109, is 25 + 10V2 + 2. 
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Ex. 29. Fourth power of ^\^ 6 is the fourth power of |^ x 
fourth power of %/6. (iy=T?W (%/6)^=36. xTsWxSe-^V 

Example 30. 
The cube of v/a:— ^/b—(^/x-' >/h) X (>/«— y/h) X (>/«— y/h). 

{y/x- y/b) X (v/ar- ^/i)=a;-2 V^6i+6). 
Then mult, by y/x^ Vb again, 

{x—2y^bx-hb)x{y/X'-y/b)z=:Xy/x-'3xy/b+3by/x—by/h. 

Ex. 31. The factor which will make t/^ a rational quantity 
is y^. For y^ X y3^=y^^=y^, or y. 

Ex. 32. That factor is \/5+ v^a:. For, by Art. Ill, we 
find that (\/5— Vx)x{Vo+ \/a:)=5— a?, which is a rational 
quantity. 

Ex. 33. -V = -^1 V = -7=- Here we multiply both 

y/x y/xXy/a y/^x 

numerator and denominator by Vet, and this gives a rational 
numerator. 

J, ^, VQ Ve v/ex>/21 v/126 „ 

^"•^^- V73r73=;72T=72nr72i=-2r- ^"^^ 

we multiply by the \^21, which is the same as y/*lXy/3. 
This gives a rational denominator. 



REDUCTION OF EQUATIONS BY INVOLUTION 
AND EVOLUTION. 

Ex. 6. Reduce the equation 3+2\/a:— 1=6. 
Transposing and uniting terms, 2 Vx = 6 + y — 3 = 3f , or y 
Dividing by 2, and involving both sides, a?=(J^)*=|^. 

Ex.7. Ileduce4|/|=8. 
5 

5 



/?- 



Dividing by 4, y -=2 

X 

Involving both sides, - =4, or a;=20. 
5 

Ex. 8. Reduce (2a?+3)^+4=7. 

Transposing, (2a: + 3)^= 3 

Involving both sides, 2a:+3=2'7, or 2a?=24, and a;=12. 

Ex. 9. Reduce '/l24-a;=2+\/a;. 
Involving both sides, 12+ar=4 + 4 ^/x + x 

Transposing and uniting terms, ^y/x=^B 

Dividing by 4, y/x=2, and a; =4. 

Ex. 10. Reduce ^/x^-a=^/X'-\Vo^. 
Involving both sides, x—a=:x— \az-\- - 

Transposing and uniting terms, ^ax=i — 

Squaring each side, and div. by a, ax=. , and x=z . 

^ ® '^ 16 10 

Ex. 1 1 . Reduce y/b X >^x-\-2=2 + >^Jx. 
Involving both sides, 6a; + 10=4+4 V5x+ 5x 

Transposing and uniting terms, 4 '^5x=Q, or ^5x=z - 

9 g 

Squaring each side, and dividing by 5, 5a: = -, and a?= — . 

4 20 

x-^ax y/x 



Ex. 12. Reduce 



\/a: X 



Multiplying by ^/a:, x^ax^ y/xxy/x ^ « ^ ^ 

X X 

Therefore, a?(l— a)=l, and a:= . 

1— a 
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Ex.13. Reduce ^^+'^= ^^+^Q 

Clearing effractions, a;+34->/a;+168=a; + 42-N/ar+152 

Trans, and uniting terms, 8v^a;=16, or y/x=2, and a;=4. 

J Oft 

Ex. 14. Reduce <>/a:+Va+a?=- 



Clearing of fractions, y/ax + a:* + a + ar= 2a 

Trans, and uniting terms, ^ax-^-l^zna—x 

Squaring each side, aa: + 3:*= a*— 2aa? + .u» 

Trans, and uniting terms, .3aa:=a*, or ic= — = - 

3a 3' 

2a* 



Ex. 15. Reduce a;+^/a'+a^= 

Clear, of fractions, a;'^a'+«*+a'+a;*=2a* 

Trans, and uniting terms, x^cF+3?=za^^a? 

Involving both sides, aV+a^=a;*--2aV+a^ 

Trans, and uniting terms, 3a^a^=:a* 

Div. by 3a^ and extract, the root, «*= — j =§a*, and xz=ay/\. 

Ex. 16. Reduce x^\^az=z^/a^•{.x^¥^. 
Squaring each side, aj* + 2aa; + a' = a* + a? v^6*4-«* 

Expunge a\ and div. by a?, a: + 2a= >/b*-\-a^ 

Squaring each side, a!' + 4aa?4-4a'=&'+a:* 

Trans, and uniting terms, 4aa:=6'— 4a* 

Dividing by 4a, a? =—11 — . 

4a 

Ex.17. Reduce ^2-4-a?4-N/a;= ^ . 

v2+a? 

Clearing of fractions, 2 +x+ v'2^+?=4 

Trans, and uniting terms, ^^2^1^= 2— a? 

Squaring each side, 2a?+a;*=4— 4a?+a^ 

Txtms. and uniting terms, 6a;ss4, and «b|. 

6» 



t>4 KBT TO day's algebra. 

Ex.18. Reduce ^^ar— 32=16— v/ar. 
Squaring each side, a:— 32=256— 32\/a;+« 

Transposing and uniting terms, 32 \/a;= 288 . 
Div. by 32, and squaring each side, y/x=9, and a:=81. 

Ex. 19. Reduce '^4x+n=2Vx+l. 
Involving both sides, 4x+11=z4x+4 v/a:+l 

Transposing and uniting terms, 4\/a:=16 

Div. by 4, and squaring each side, \/x=4, and «=16. 

•rii «^ T> J ^6^—2 4v'6^— 9 

Ex. 20. Reduce -— = — = — —=: . 

v6a;+2 4V6a:+6 

Clearing of fractions, 

24a;— 8v^6^+6>^6i— 12 = 24a;— 9>^6r+8>^6«— 18 
Trans, and uniting terms, >/6a;=6 
Squar. each side, and div. by 6, 6a: =3 6, and x:=6. 



Problems under Artide 316. 

Prob. 6. Let X = the required number. 

x^ 
By the conditions, 8— — =4 

4 

Transposing and changing signs, 7"~^ 

X 

Extractmg the root, o^^' ^^^ a;=4. 

Prob. 7. Let 10a; = the sum of the two numbers : then 7a? 
= the greater, and 10a;— 7a;=3a;= the smaller number. 
By the supposition, 10a; X 3a;=30a;'=270 

Diy. by 30, and extract, the root, a;* =9, and a;=3 
Therefore, 7a;=21 a= the greater, and 3a;=s9= the less. 
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Prob. 8. Let 2x= the diflference of the two numbers : then 
9x=: the greater, and 9a;— 2a;=7a?= the less. 
By the supposition, (9a?)^— ('7ar)'=128 

Unit, terms, and div. by .32, 32a:*=128, or a!*=4, and x=2 
Therefore, 9a?= 1 8 = the greater number, 7a; = 1 4 = the less. 

Prob. 1 0. Let «= the greater part : then 1 4 — a;= the smaller. 

By the conditions, : : : 16 : 9 

•^ 14— ar X 

Mult, extremes and means, - —- = — ^^ ! 

14— a; X 

Clearing of fractions, ' 93;" = 1 6 ( 1 4 -a;)* 

Extracting the square root of each side, 3a;=4(14— a;) 

Trans, and uniting terms, 7a;=56, and x=S, the greater. 

And 14 — 8 = 6, the less. 

Prob. 11. Let 5x and 4a; be the two numbers. 
By the supposition, 125a;' + 64a:^=189a:*=:6103 

Div. and extract, the square root, a;'=27, and a;=3 

Therefore, 5ar= 15, the greater, and 4a?=: 12, the smaller number. 

Prob. 12. Let x = the number of miles A travelled : then 
a;— 18= the number of miles B travelled. If A could have 

gone B's distance (a;— 18) in 15| days, then -r-^ is the dis- 

tance he travels in one day. And if B could have gone 

A's distance (a?) in 28 days, then — is the distance he travels 

in one day. But the whole distance each travels is propor- 
tioned to his daily progress ; 

X — 18 X 

Therefore, x : a;— 18 : : =- : — 

16f 28 

Mult, extremes and means, — = ^ ^ 

28 15f 

Clear, of fract. and mult, by 4, 63a;'=112(ar— 18)* 

Dividing each side by 7, 9a;*=16(a;— 18)' 

Extracting the square root, 8a; =4(a;— 18) 

5* 
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Or, 3ar=4a;— 72, and ar= 72= A's distance. 

Therefore, 72 — 18= 54 = B's disUmce, 

72 + 54=126= the whole distance. 

Prob. 13. Let 8a; and 5x = the two numbers. 
By the conditions, 8a; x 5a?= 40a;*= 360 

Div. by 40, and extract, the root, si^=9, and a;=3 

Hence 8 x 3=24= the greater, and 5 X 3= 15= the less. 

Prob. 14. Let x = the number of yards in one piece, 36— a? 
= the number of yards in the other piece : then (36— a;)'= the 
cost of one piece, and «* = the cost of the other. 

By the conditions, (36— a:)' : a?' : : 4 : 1 

Mult, extremes and means, (36— ar)'=4a;* 

Extract, the square root, 36— a:=2a?, or 3a;=36 
Therefore, or =12, the length of one, 

And 36 — 12 = 24, the length of the other. 

Prob. 15. Let 3a; and 2a; = the numbers. 
By the supposition, 81aJ^ + 16a;* : 27a;'+8a;' : : 26 : 7 

Unit, terms, and mult, extremes and means, 4550^=9100;* 
Dividing by 455a;', a;=3, and 6 and 4 are the numbers. 

Prob. 16. Let «= the number of gentlemen: then 0;* = 
the number of servants, and o;x2o;*=2o;'= the whole amount 
of money. 

By the supposition, 2a;'=3456 

Div. by 2, and extract, the root, a;'=l728, and a;=12. 

Prob. 17. Let a?= the number of companies: then xx4x 
=40;*= the number of men first drafted ; and a?x 3=3x= the 
number drifted afterwards. 

By the conditions, 40;* : 4o;'4-3o? : : 18 : 17 

Multiplying extremes and means, 68a;* = 64a;* + 48o; 

Trans, and dividing by 4a?, 4o;*=48ar, or ar= 12. 



The above when re- 
duced become 
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QUADRATIC EQUATIONS. 

Every aflfected quadratic equation may be reduced to one of 
the four following forms, diflfering only in the signs. 
a?-\-ax= h (1) 

x^—ax^ h (2) 

gt?-\-ax^—h (3) 

a?—ax=^-~h (4) 

'ar=-|flzhV 6+>« (1) 

x= \a±V h + \a^ (2) 

x=^\a^V-b-\-\d' (3) 

^x= |azhV-6 + la^ (4) 

In each of the above quadratic equations it will be observed 
that the value of the unknown quantity is equal to half the co- 
efficient of the fii-st power of x with its sign changed, plus or 
minus the square root of the known term increased by the 
square of half the coefficient of the first power of x. Hence, 
if an equation of either of the above forms is given, the reduc- 
tion may be regarded as already effected, and then the value 
of X may be found at once by the following Rule : 

To and from half the coefficient of the first power of the un^ 
known quantity/, add and subtract the square root of the known 
term increased by the square of half the coefficient of the first 
power of the unknown quantittj, and the results will be the two 
values of X, 

In many of the following solutions the processes of complet- 
ing the square, extracting the root, &c., are not written out, 
but after the equation has been reduced to one of the above 
forms, the value of x is found directly by the Rule just given. 

Ex. 1. Reduce 3a:"— 9a;— 4=80. 
Transposing, uniting, and dividing by 3, a;*- 3a:=28 

Completing the square (Art. 329), 43:^- 12a:+9 = 112 + 9 
Extracting the square root, 2a:— 3 = =fcv^l21 = ±ll 

Trans, and unit, terms, 2a;=3itll,a:=y ='7,ora:=— f=— 4. 
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Ex. 2. Reduce 4x =46. 

X 

Clearing of fractions, 43;*— 36 +x= 46a? 

Trans, and uniting terms, 4a;*— 45a;=36 

Complet. the sq. (Art. 329), 64a:"— '720a; + 2025=576 + 2025 
Extracting the square root, 8a?— 45 = it51 

Trans, unit, and div. 8a?=45±51, a?= V = 12, or a?=^=— J. 

14— a; 

Ex. 3. Reduce 4a? — - = 14. 

a?+l 

Clearing of fractions, 4a;* + 4a;— 14 + x= 14a? 4- 14 

Trans, and uniting terms, 4^?*- 9.r=28 

Completing the sq. (Art. 329), 64a?'— 144a?+81=448 + 81 
Extracting the square root, 8a? — 9 = it 2 3 

Trans, unit and div. 8a?=9±23, a?= V =4> ^^ ^= -" V = — }• 

^ ^ , 3a?— 3 ^ . 3a?— 6 

Ex. 4. Reduce 5a; --=2a?H — . 

a;— 3 2 

Clearing of fractions, 

lOa?"— 30a?— 6a?+6 = 4a?*— 12a? + 3a?'"- 9a?— 6a?+ 18 

Transposing and uniting terms, 3a;*.— 9a;= 12 

Div. by 3, and comp. the sq. (Art. 322), a;"— 3a;+ J=4 + | = \* 

Extracting the square root. a;— f=±v^2^ = d:^ 

Trans, and unit. a;=|d:|, a?=|=4, or a?=— §= — 1. 

„ ^ 16 100— 9a; ^ 

Ex.5. Reduce ; — = 3. 

X 4ar 

Mult, by 4a^, 64a;- 100+9a?= 12a?* 

Trans, and unit, terms, — 100=12a?*— VSa? 

Completing the sq. 676a?*— 3504a?4-6329 =— 4800+6329 

Extracting the sq. root, 24a?— 73=ii=23 

Trans, unit, and div. 24a;= 7311=23, a;=|f =4, or a;=|^=2^. 

Ex. 6. Reduce ?^ +i = io~?i:^. 
a;— 4 2 

Clear, of fract. 6a;— 8 + 2a?— 8=20a?— 80— a;*+2a?+4a?— 8 

Transposing and uniting terms, a;*— 1 8a?= — 72 

Find, the value of x (see Rule given above), a?=9± V — 72+81 

Or, a;=9d=v^9=9±3 = 12 or 6 
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Ex. 1. Reduce 



3 ar-S 9 

Clearing of fractions, 

Trans, and uniting terms, aj* — 2 6a;= — 1 05 

Fmding the value of x (see Rule given above), 

a;=13db-/-105 + 169 
Or, ir=13db>/64=13±8=21 or 6. 

a^— 10a:"+l 
Ex. 8. Reduce -5 — -— --— =a:--3. 
aj*— 6a:+9 

Clear, of fract. «>— 10a;*f !=«'— 3a:"— 6a:"+18a?+9a;-27 

Trans, and uniting terms, a:* + 2 7a;= 2 8 

Completing the sq. (Art. 329), 4a:"+108a: + '729 = 112+729 

Extracting the square root, . 2a; + 27 =±29 

Trans., uniting, and dividing, 2a;=— 27±29, a:=|=i 

Or, ar=-V = -28. 

6 2 
Ex. 9. Reduce — -- + - =»3. 
x+l X 

Clearing of fractions, 6a;+2a?+2=3a:*+3af 

Trans, and uniting terms, 3a:^— 5a;=2 

Completing the square, 36a:*— 60a;+26=24+25=49 
Extracting the root, 6a:— 5=±7 

And 6a:=5±7 = 12 or —2, anda:='^=2, ora;=— 1=— J. 

3a: X — 1 

Ex. 10. Reduce — -— =a:— 9. 

a:+2 6 

Clear, of fract. 18a:— a:'+a:— 2a:+2=6a:'+12a:— 54a:— 108 

Trans, and unit, terms, 7a:'— 59a:=110 

Completing the square, 196a:"— 1652a:+3481 =3080+3481 

Extracting the sq. root, 14a:— 59=db>/6561 = db8l 

And 14a:=59ifc81, a:=:VV> = 10, or a:=-f}=-V. 

a: a 2 

Ex. 11. Reduce ^ + -. = -. 

a X a 

Multiplying by ax, a:*+a" = 2£, or a:'— 2a:= — a* 

Find, the value of x by the Rule given above, a:=lii='/l— a*. 



60 

Ex. 12. Reduce s^+a^^h. 

Completing the square (Art. 332), a^+aa:'-< — =6H 

4 4 

Extracting the square root. 



*«+ ^ = ±/6+ ^, and ;r'= -^ ±/hZ 

- 2 4 z 4 

Extracting the root, a:= j — - ±f/ 6-| J . 



Ex. 13. Reduce — — •7- = -5V 



2 



Making a:'=y, and mult, by 2, y'— -= — jJj. 

By the Rule given above, y=i='= V^— iV+tV=}=^ 

Restoring the value of y, and extract, the cube root, xz=\/\. 

Ex. 14. Reduce 2ar^+3a;^=2. 
Completing the square, 162;S'4-24a:^+9 = 16+9=26 
Extracting the square root, 4x^+3 = ±5, or 4«*=2 or —8 
Div. by 4, and cubing each side, a;^= J or —2, and x=\ or —8. 

Ex. 15. Reduce \x—\Vx=z22\, 
Mult, by 2, and comp. the square, a?— |^/a;+J=44J+J■ 
Extract. the square root, y/x-^^ =b -/ip+|= db -v/Hfii 
And%/«=iifc>/A^Ji^=i±2p = 7 or -y, and ar=49 or ^K 

Ex. 16. Reduce 2a^— a:"+96=99. 

ar* 
Trans, and dividing by 2, 0^—-—=^ 

Completing the square, ^^-"i'^+iV^f +tV 
Extract, the square root, a:*— Jzzrdb'/^+^^szidb vZ-^f^ 
Therefore, ««= j=t;|=| or —1, and a:= >/^=J>/6 or V^ 
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Ex. 17. Reduce {l0+x)^-{l0+x)^=2. 
Making (10+a;)* equal y, y'— yr=:2 

By the Rule given above, y=^db V^2 -f-^=:^± %/-| 

Or, y=i=bf =2 or —1, and (10+ar)i = 2 or —1 

Involving to the 4th power, 10+a;=lC, and ar=6 

Also, 10+ic=l, and «= — 9. 

Ex. 18. Reduce Sa:**— 2af=8. 
Completing the square, 36x*"— 24af'+4=964-4 

Extracting the square root, Ga;"— 2=ii=10 

Trans, div. and tak. the nth root, 63^*= 1 2 or — 8, af=z 2 or — ^ 
And x=zV2 or "V^^. 



Ex. 19. Reduce 2(l+ir— a:")— Vl-f-a:— 3;*= — ^. 

Mak. (1 +a:--ic')a =y, and comp. the sq. IGy'^— 8y + 1 = — f + 1 

3itl 
Extracting the root, 4y— 1 = db J, and y= = J or J 

Subst. the 1st value of y, y=(l +ar— a:*)2r= J, or 1 -\-x—x'*=i 

Trans, and uniting terms, re*— a;=| 

By the Rule given above, ar= Jzb V'f+i=i±v^H= i=^iv/41 

Subst. the 2d value of y, y=(l4-a:~rc*)^=^, or l+x—3^z=-^j 
Trans, and uniting terms, a:*— a:=||- 

By the Rule given above, 

^=i±>^M+iH±v^i^=J±Jv/44. 

Ex. 20. Reduce '-/a:'— a'=a:— 6. 
Cubing each side, a^— a* = 3^—331^6+ Sxb^-^b^ 

Trans, and uniting terms, Zbs^—Sb^xz^a^—b^ 

Dividing by 36, a?^bx=i — -— 

By the Rule given above. 



""2*^ 36 +4-2=^^ 126 • 
6 
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Ex.21. Reduce ^:^' = 1=1^. 
4+Vx \/x 

Clearing of fract. 2a:+2\/a;=16— a;, or 3a;+2^a;=16 

Comp. the square, 36a:+24^/a;+4 = 192+4=196 

Extracting the root,- 6\/a:+2 = dbl4, C v^ic=— 2d:14 

And \/ir=2 or — |, and ar=4 or y. 

Ex. 22. Reduce a;5^+ic^='756. 

6 3 

Completing the square, ar^+a;^+i='756 +}= ^-^ 

3. 

Extracting the square root, a;* +^=db*^ 

Transposing and uniting, a:* = — j±*i^ = 27 or — 28 

By evolution and involution, a;7=3, and ir=243. 

Ex. 23. Reduce V 2a;+ 1 + 2 y/x=z 



V2iTT' 

Clear, of fract. 2a; + 1 + 2 -/2?+aJ= 2 1 

Trans, and div. by 2, V^2a;^+a?=10— a? 

Squaring each side, 2a:*+a:=100— 20a:+«* 

Trans, and uniting, a;* + 2 la;= 1 00 

By the Rule given above. 



4 
= _:^±Vi|l=_!l±!?=4 or -25. 

Ex. 24. Reduce 2 ^/x^^ic 3 ^2^= '^ ^"^^^ . 

Clear, of fract. 2a:— 2a+ 3 V2a:*— 2aa?== 7a + 6a? 

Trans, and uniting, 3 \/2a:*— 2aa:= Oa + 3a? 

Div. by 3, and squar. each side, 2a;*— 2aa:=9a* + 6aa?+a!^ 

Trans, and uniting, a^ — Sax = 9a* 

By the Rule given above, 

a;=4ad=V9a*+16a*=4a±-v/25a'=4a + 6a=«a. 
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Ex. 26. Reduce x-hie—lVx+U^lO^-AVx+lQ. 
Mak. y=Va:+16, <fe subst. y*— YyrrrlO— 4y, or y*— 3y=10 
Bj the Rule given above, 

y=|zhi/l0n=|=fc:A/V=f=^i=5 or -2 
And since y=:^^x-]-lQ=5, a;+ 16=25, and a?=9. 



Ex. 26. Reduce V^+ V^= 6 Vx. 

Dividing by y/x. a^+x^e 

Completing the square, a^ +x+^= 6 + J= ^ 

1 1.5 

Extracting the square root, a;+ Ji=:=hJ, and x= — - — =2. 



Ex. 21, Reduce 



Mult, by 13a?, 

Trans, and uniting, 

Mult, by Sar+Y, 
Trans, and uniting, 
Dividing by 2, 
Comp. the square. 
Extracting the root. 



4a:— 5 3a;— 7 9a:4-23 



3a;+7" 



13a; 



393:*— 91a? 
62a?— 65 _-_.— = 9a; +23 



43a;- 



3a;+'7 
39a;"-91a; 



= 88 



3a;+7 

129a;' + 301a;— 39a;'+91a;=264a;+6ie 
90a;'4-128a;=616 
45a;*+64a;=308 
8100a;«+11620a;+4096=55440+4096 

90a;+64=%/59536, 
90a;=— 64+244, and a;=2. 



Ex. 28. Reduce 



6 



Ox—a^ 



ix^ + 2x 
6 



+ -T-:7 = - 



n 

' 5x 

11 



Mult, by a;, e-r. " a;+2 ^ 6 

Clear, of fract. 16ar+30+180— 30a;=66a;+132— 11a;"— 22« 

Trans, and unit, terms, 1 la;*— 69a;= — 78 

Comp. thesq. 484a;'— 2696a;+ 3481 =—3432 + 2^81 

Extract, the root, 22a;— 59=7, or 22a;=66, and ar=3. 
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Ex. 29. Reduce (a:-6)'— 3(a:—5)^=40. 

3 

Comp. the square, 4(ar— 6)'— 12(x— 5)^+9 = 160 + 9 = 160 

Extracting the root, 2(a:— 5)^— 3 = 13 

Trans, and dividing by 2, (a:— 5)^=8 

Extracting the cube root, (a:— 5)^=2 

Squaring each side, «— 5=4, and a? =9. 

Ex. 30. Reduce x + Va;+6= 2 + 3 Vx + 6. 

Transposing and uniting, a: — 2 = 2 Va;+6 

Squaring Ciich side, a^— 4a?+ 4 = 4a:* + 24 

Transposing and uniting, «*— 8a:=20 

Completing the square, a:*— 8a;+ 16=20+16=36 

Extracting the root, a:— 4 = 6, and a; = 1 



Froblemi producing Qnadratlo Eqnatioiifl. 
Prod. 2. Let a? and 45— a; = the ages of the two brothers. 
By the supposition, (45— a;)ar= 500, or a:*--45a;=— 500 

Completing the square, 4a:*— 1 80a: + 2025 = — 2000 + 2025 
Extract, the sq. root, 2a:—45=\/25=5, 2a:=50, ar=25. 
Therefore, 25= the age of one. 

And 45 — 25=20 the age of the other. 

Prod. 6. Let x and a? + 12 = the two numbers. 
By the supposition, a:^ + (a:+12)*=1424 

Transposing and uniting terms, 2a:' + 24a:= 1424— 144=1280 
Div. by 2, and comp. the sq. a:' + 12a:+36=640 + 36 = 676 
Extracting the square root, a: + 6 =26, and a;=20. 

Therefore the two numbers are 20 and 32. 

Prob. 7. Let X, and a:+120, equal the two prizes. 
By the conditions, a:+120 : a: : : a: : 10 

Mult, extremes and means, 10a:+1200=a:', ora:*— 10a:=1200 
By the Rule given above, a:=6dbVl200 + 25=6±35=40. 
Therefore the prizes are 40 and 160. 
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Prod. 8. Let x and G—x be the two numbers. 
By the cond. .r'+(6-.ry=.i^ + 21C--108j?-f-18.r«-:r'='r2 
Transposing and uniting, 1 8a:*— 1 08^;= — 1 44 

Dividing by 18, a:*— •6.r=— -8 

Corapleting the square, a^— 6a; + 0=— 8 + 9=1 

Extract, the sq. root, a:— 3 = 1, and ar=4, or one number, 
And 0—4 = 2, the other number. 

Prod. 9. Let a;=the smaller part, and 56— a:= the greater. 
By the conditions, .r(56 — ar) = 640, or .r*— 56a:= — 640 

Comp. the square, aj'—56a:+784 = — 640+784=144 
Ex tmct. the square root, .r* — 2 8 = ± 1 2, and x= 40 or 1 6. 

Therefore, 16= the smaller, and 56— 10 =40= the greater part 

675 
Prob. 10. Let X = the number of pieces : then = the 

cost of one piece, and 48a; = the amount for which he sold the 

cloth. 

675 

By the conditions, 48.r— 675= 

- X 

Clear, of fract. and div. by 3, 16.r'— 225a:=225 

Comp. the square, 1024a:'— 144OOar+5O625 = 144OO+50625 

Extracting the root, 32a:— 225=255, 32a:=480, and a;=15. 

Prod. 11. Let a:=B's hourly progress, and a:+3 = A's 
houily progress : then = the number of hours B travels, 

150 

and = the number of hours A travels. 

a;+3 

T> *i -r 150 , ^, 150 
By the supposition, h8|-= 

X^~ o X 

Clearing of fractions, 450a;+25a:'+76a:=450a:+1350 

Trans, unit, and div. by 25, a:'+3a:=54 

Completing the square, 4a,'*+12a:+9=216+9=225 

Extracting the square^ root, 2a:+3 = 15, 2a:=12, and xz=i6. 
Therefore B' s hourly progress is 6 miles, and A's 9 miles. 
6* 
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Prod. 12. Let x and x+Q be the two numbers. 
By the conditions, 2a:"+4'7=(a;+6)*=aj'+12«+JJ0 

Trans, and uniting terms, a:*— 1 2xz=. — 1 1 

Completing the square, a:"— 12a;+36= — 11+36=25 

Extracting the square root, a?— 6 = 6, and x=z 1 1 . 

And ll+6=l'7=the greater number. 

Prob. 13. Let X = the number of persons B relieved, and 

ir4-40 = the number of persons A relieved: then = 

^ ir+40 

what A gave to each, and = what B gave to each. 

„ ,^ .. 1200 1200 
By the supposition, +5= 

Clearing of fractions, 1200«+6a:'+200x=1200a?+ 48000 
Trans, unit, and div. by 5, aj'+40a:=9600 

ByRulegiv.above,aJ=-20dbV96004-400=— 20 + 100=80 
Therefore 80 are relieved by B, and 120 by A. 

Prob. 14. Let x and 10— a: be the two numbers. 
By the conditions, a:*+100— 20a:+a:'=68 

Trans, unit, and div. by 2, a:*— 10a:= — 21 

By the Rule given above, a?=6db'/— 21+25 =5db2 = 7 or 3. 
And the numbers are 7 and 3. 

175 
Prob. 15. Let x = the number of gentlemen : then — = 

175 
each one's share if all had paid, and = what each one aor 

tually paid. 

175 175 
By the supposition, 1- 1 = 

X X^" A 

Clearing of fractions, 175a;— 350+ 10a:*— 20ar=l75ar 

Trans, uniting, and dividing by 10, a:*— 2a;=35 

By the Rule given above, a;= 2 ± '/35+1 = 1 db 6 = 7. 
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Pbob. 16. Let x= the number of yards purchased: then 

— = the price paid per yard, and ^ = the price received 

per yard : also 10 cents, or ^ of a dollar, is the gain per yard. 
^ , . . 60 . 1 64 

By the supposition, V^To"" ^^=^ 

Clearing of fractions, 600a;— 9000 +a^ - 1 5a:= 540.r 
Transposing and uniting, ' a;*— 45a;=9000 

Completing the square, 4a^+ 180a; +2025 =36000+2025 

Extracting the root, 2a;+45= v^38025=195 

2a;=160, and x=:l5. 
Then ^g-=^ of a dollar =80 cents, the price per yard. 

Prob. 17. Let «= the number of days which both trav- 
elled before they met: then a?— 3= B's daily progress; also 
(«— 3) Xar= distance B travelled, and 9a; = distance. A travelled. 
By the conditions, (a;— 3).i;+9a;=247, or a;'+6a;=247 

By Rule given above, a;= — 3 ih -/247+9= — 3 + 16=13 days 
Therefore, 13x9=117= the distance A travels 

And 247-117 = 130= " " B " 

Prob. 18. Let a;= the number of yards in the finer, and 

18 
a;+2 = the number of yards in the coarser piece: then — 

pounds or shillings is the price per yard of the finer, and 

a; 

IS J 320 , .„. . ., . , r , 

pounds or shilhngs is the price per yard of the 

a;+ ^ x-\- z 

coarser piece. 

T. , ^. . 320 360 

By the conditions, — -— = 4 

^ a;+2 X 

Clearing of fractions, 320a;=360a;+720— 4a;'— 8a; 

Trans, unit, and dividing by 4, a:*— 8a;=180 
By the Rule given above, a;=4± /l80+16=4=bl4 = 18. 
Therefore 18 = the number of yards in the finer piece, and 
18+2=-20 = the number of yards in the coarser: and the 
prices were respectively 20 and 16 shillings per yard. 

6* 
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Pbob. 19. Let 2j: = the number of gallons of Teneriffe: 
then z=: the cost of the Madeira per gallon, and x—4 = the 
cost of the Teneriffe per gallon. 54+2x = the number of 
gallons in the mixture. Also, 54x = the whole cost of the 
Madeira, and 2x{z—4) = the whole cost of the Teneriffe. 
By the conditions, 54j?+2x(ar— 4)=10(54 + 2a?)4-5'?6* 

Or, 54j? + 2a:'— 8ar=540 + 20i + 576 

Tran. unit, and div. by 2, a:' + 13ar=558 

Completing the square, 4a:»+52ar+ 169=2232+169=2401 
Extracting the square root, 2a? + 13=49, and 2af=36. 

Therefore 36 = the number of gallons of the Teneriffe, and 
x=zl8 = the cost of the Madeira per gallon. 

Pbob. 20. Let x = the number required. 

^ , ^. . , 2(^/40=^+10) 
By the conditions, 4= 

'' X 

Mult, by X, and div.by 2, 2x= V40— aj'+lO 

Trans, and sq. each side, 4x'— 40ar+100=40— a:* 
Tnins. and uniting, 5a^— 40x=— 60 

Div. by 5, and comp. the sq. «'—8a;+16 = — 12 + 16=4 
Extracting the square root, a: —4 =2, and a; =6. 

Pbob. 21. Let x = the person's age. 

X 

By the conditions, - + Vx— 12=0 

2 

Transposing, and multiplying by 2, a;+2\/a;=24 

Completing the square, x+2 y/x +1=24+1=25 

Extract, the square root, \/a;+l=5, or \/a;=4, and a;=16. 

Pbob. 22. Let x = the number of gallons in the smaller 
cask: then a;+5 = the number of gallons in the larger cask, 

CO 

and 2a:+6 = the number of gallons in both casks. — -— = 

a37'+0 
X 

the price per gallon ; but ^ — 2 also equals the price per gallon. 
* 676 8liilliDg9 = je28 16«. 
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Therefore, -^, — = - — 2 

2x-\-b 3 

Clearing of fractions, 174=2.i:'+5a:— 12a?— 30 

Transposing and uniting, 2a:'— 7a;=204 

Completing the square, 16a:'— 56ar4-49 = 1632 +49= 1681 

Extract, the square root, 4a:— 7=41, 4a:=48, and ar=12. 

Therefore, 12 = the number of gallons in the smaller cask, 

and 12+5=17 = the number of gallons in the larger cask. 

68+29=2 = the price per gallon. 

Pros. 23. Let x = the number of copper coins : then 24— a? 
= the number of silver coins. 

By tbie conditions, a:(24— a:)=24a:— a:'=value of the copper 
And (24— a:)a:=24a:— 3:"= " " silver 

And 48a:— 2a:'=216, or 2a:'— 48a:= — 216 

Div. by 2, and comp. the sq. a:"— 24a;+ 144= — 108 + 144=36 
Extracting the square root, a:— 12=6, a:=18. 

Therefore, 18 is the number of copper coins, and 24— a; =6 
= the number of silver coins. 

80 
Pbob. 24. Let x = the number of oxen : then — = the cost 

X 

of each ox. If he had bought 4 more oxen for the same mon- 

80 

ey, then would = the cost of each ox. 

^ a: + 4 

80 80 
By the conditions, — = — — - + 1 

•^ X a:+4 

Clearing of fractions, 80a: + 320= 80 + a:'+4a? 

Transposing and uniting, a:" + 4a:= 3 2 

Completing the square, a:' + 4a:+ 4=324 

Extracting the square root, a:+ 2 = 1 8, and a:= 1 6. 

Pbob. 25. Let x= the smaller number, and y=the greater. 
By the conditions, 3y— a:=35 (1) 

And ^^=* (2) 

> 8a:+l ^ ' 
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In equation (1) trans, x, and div. by 3, y= — - — (3) 

3 

Clearing (2) of fractions, 4y=3a:'4-« (4) 

Div. (4) by 4, and equating the values of y, — - — = — - — 

Clearing of fractions, 1 40 + 4x=z 9a;* + 3a! 

Transposing and uniting, Qa:*— a;=140 

Comp. the square, 324a:'—36a?+ 1=5040 + 1=6041 

Extract, the square root, 18a:— 1 = 71, 18a:='72, and a?=4 

35-4-4 39 
Substituting this value in (3), y=- — - — = — = 13. 

3 3 

Prob. 26. Let x and y be the two numbers. 
By the conditions, x^y : a:+y : : 2 : 3 (1) 

And x-i-y : ary : : 3 : 5 (2) 

Adding and subtracting terms of (1), 2a; : 2y : : 5 : 1 (3) 
Mult, extremes and means of (3), 2a:=10y, or a;=5y 

Substituting this value in (2), 6y : 5y^ : : 3 : 5 

Multiplying extremes and means, 30y=15y^ 

Dividing both sides by 15y, y=2, and a;=10. 

Prob. 27. Given i(4ar+2y)=6 (1) 

And 5ary=50 (2) 

Multiplying (1) by 3, 4a:+2y=18 (3) 

Dividing (3) by 4, and transposing y, x= — - — = (4) 

T>- -J- /ox u . 60 10 

Dividmg (2) by 5y, a?= — = — 

Equating these values of x, = — 

Clearing of fractions, 9y— y'=20, or y'— 9y= — 20 

Comp. the square, 4y*— 36y+81 = — 80 + 81 = 1 
Extract, the sq; root, 2y— 9 = ii=l, 2y=10 or 8, and y=5 or 4 

9 5 Q 4 

Subst. these values in (4), x= or =2 or 2 J. 
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Prob. 28. Given 




«+y= 


=a 




(1) 


And 




«'+y'= 


=6 




(2) 


Squaring equation (l). 


««+2a;y+y»= 


=o' 




(3) 


Subtracting (2) from (3), 




2xy= 


=a'- 


-6 


(4) 


Subtracting (4) from (2), 


a?- 


-2ay+y'= 


=26- 


-a* 




Extracting the square root. 




x-y= 


= ±V26- 
a=F'/26^ 


a' 


T1> AVAfAwk / A l.f O 1 Q\ /«. 


±V2J- 


-«' ^ 


-a* 



The examples under the subject of Ratio are so simple, that 
it is deemed unnecessary to present solutions of them. 



PROPORTION. 

Solutions which are given in the Algebra are not repeated 
here ; but in some cases problems solved in the book are here 
wrought by a different method. 

Ex. 1. Let ar = the greater, and y = the less. 



By the conditions proposed. 




x+y= 


=49 




And 




x+Q:y-U 


:: 9 


: 2 


Multiplying extremes and means. 




2a;+12 = 


=9y- 


-99 


Transposing and uniting terms. 




9y— 2a;= 


= 111 




Multiplying the first equation by 


2, 


2y + 2a:= 


=98 




Adding the last two equations, 




lly= 


=209 




Therefore, 


y 


= 19, and x=. 


= 30. 




Ex. 3. Let a?= half their sum 


, and y. 


= half their diflFerence. 


By the conditions. 


x-\-y : 


x—y ::2x: 


42 


0) 


And 


ar+y : 


x-y : : 2y : 


6 


(2) 



By equality of ratios, 2x : 42 :: 2y : Q 

By alternating and dividing terms, a? : y : : 21 : 3 

Mult, extremes and means, 3a;=21y, and x=1y 

Mult, extremes and means of (2), 6x+6y=2xy—2y'* 

Substituting the value of x, 42y -{- 6y = 14^*— 2y* 

Uniting terms, and div. by I2y, y=4, and a:=28 
Therefore, a? + y = 3 2 = the greater, and a: — y = 24 = the less. 
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Ex. 4. Let 2x=zthe difference of the pai-ts: then (9+rr) 
= the greater, and (9— «)= the less. 

By the conditions, (9+ir)' : (9— a:)' : : 25 : 16^ ^ 

Extracting the square root, 0+a: : 9— a: : : 6 : 4 

Multiplying extremes and means, 36+ 4a;= 45 — 5x 

Transposing and uniting terms, 9a?=9, and x=l 

Therefore, 9+ir=10=:the greater, and 9— a:=8=the less. 

Ex. 6. Let X = the greater, and y = the less. 
By the conditions, a:+y=20 (1) 

And a: : y : : 9 : 1 

By adding terms, x-i-y : y :: 10 : 1 

Multiplying extremes and means, ar+y=10y (2) 

Equating (1) and (2), 10y=20, y=2, and a:=18 

A mean proportional between 18 and 2 = V^ X 18=0. 

Ex. 7. Let 2x = the sum, 2y = the difference : then «+y 
= the greater, and a:— y = the less. 
By the conditions, a:*— 3/*= 24 

And earV + Sy* : Sy' : : 19 : 1 

Multiplying the antecedents by 4, 24a:*y+8y' : 8y' : : 76 : 1 
Div. 1st couplet by y, and subtract, terms, 24a:* : 8y' : : 75 : 1 
Dividing terms, a:' : y* : : 25 : 1 

Extract, and mult, extremes and means, x=5y, and y=l 
Therefore, a:+y= 6= the greater, and a?--y= 4= the less. 

Ex. 10. Let X = the greater, and y = the less. 

By the conditions, a:y= 135 (1) 

And " ix^—y^ : (x^yY : : 4 : 1 

Div. the first couplet by x—y, x+y : x-^y : : 4 : 1 

Adding and subtracting terms, 2a; : 2y : : 5 : 3 

Div. the first couplet by 2, a: : y : : 5 : 3 

Multiplying extremes and means, 3a;=5y (2) 

V 27 
Dividing (1) by (2), | = _, y«=81 

o y 

Therefore, y3=9, and a?s=:16. 
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Ex. 11. Let X = one number, and y = the other. 
By the conditions, a?— y : x+y : : 2 : 3 (1) 

And «— y : iry : : 2 : 6, or 6a?— 6y=2ay (2) 

Adding and subtracting terms in (1), 2a; : 2y : : 5 : 1 
Div. first couplet, and mult, extremes and means, 

a: : y : : 5 : 1, and ar=5y 
Substituting in (2), 2oy— 6y=10y' 

Therefore, 20^=103/*, y=2, and a?=10. 

Ex. 12. Let X = the greater, and y = the less. 
By the conditions, a:+y=24 (1) 

And XT/ : ic'+y* : : 3 : 10 

Mult, antecedents by 2, and adding terms, 

2ary : «*+2iry+y* : : 6 : 16 (2) 
Squaring (1), 3i^+2xi/+y^=z5l0 (3) 

Substituting in (2), 2a;y : 576 : : 6 : 16 (4) 

Converting (4) into an equation, 4a:y=432 (5) 

Subtracting (o) fronfii(3), a;'— 2ary+y'= 144 

Extract, the square root, a;— y=12, a:=18, and y=6. 

Another Solution. Let x = the greater, 24— a; = the less. 
By the conditions, ar(24— a;) : a:*+(24— a:)' : : 3 : 10 

Expanding, 24a?— a;* : a;*+576— 48ar+a;' : : 3 : 10 

M;ilt. antecedents by 2, 48a;— 2a:* : 2a:'— 48a;+576 : : 6 : 10 
Add. and subtract, terms, 67G : 4a:*— 96ar+576 : : 16:4 

Extract, the square root, 24 : 2a:— 24 : : 4 : 2 

Div. antecedents by 4, and consequents by 2, 

6:a:-12::l:l 
Mult, extremes and means, a: — 1 2 = 6, and a:= 1 8. 

Ex. 13. Let 2a; and 3a; = the numbers. 
By the conditions, 3a;+6 : 2a:— 6 : : 3 : 1 

Adding «nd subtracting terms, a;+12 : 5a; : : 2 : 4 

Multiplying extremes and means, 4a;+48=10a;, and a;=8 
Therefore, 3a;=s24, and 2a;=16. 

7 
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Ex. 14. Let X = the half sum, and y = the half differeoce : 
then x+ff = the greater, and a?— y = the less. 
By the conditions, a:*— ^"=320 

And 6a:*y+2y» : 8y» : : 61 : 1 

Multiplying antecedents by 4, 24a^y+8y' : Sy* : : 244 : 1 

Div. first couplet by y, and subtract, terms, 24a:* : Sy* : : 243 : 1 
Div. first couplet by 8, and anteced. by 3, a:* : y" : : 81 : 1 

Extracting, a? : y : : 9 : 1, or a?=9y 

Therefore, 81y'--y*=320, y*=4, and y=2 

Hence, a:=18, a:+y= 20, a?— y=16. 

Another Solution. Let x and y be the two numbers. 
By the conditions, a:y=320 (1) 

And x'-y' : {x-^yf : : 61 : 1 

Or, o^—y^ : a:*— 3a:«y+3«y»— y' : : 61 : 1 

Subtracting terms, Zs^y—Zx^ : {x-^yf : : 60 : 1 

Div. first couplet by x-^y, Sxy : {x—yY : : 60 : 1 

Or, as 3«y=3 X 320=960, 960 : {x—yY : : 60 : 1 

Div. antecedents by 15, 64 : {x—yY : : 4 : 1 

Extract, the square root, 8 : x—y : : 2 : 1, or 8=2a:— 2y 
Hence, a;— y=4, and (a;— y)*=:16 (2) 

Mult. (1) by 4, 4a;y=1280 (3) 

Add. (2) and (3), a:*+2a:y+y*=1296, or a:+y =36 
Therefore, x= 20, and y = 1 6. 

Ex. 15. Let X and y be the numbera. 
By the conditions, a: : y : : 16 : 9 (1) 

And 

By alternation in (1), 
Mult, conseq. by 3, and div. themi by 2, 
By equality of ratios, y ; 

Hence, y' = 3 24, and y = 1 8 

Substituting in (1), a; : 18 : : 16 

Or, a? : 2 : : 16 : 1, and a?=32. 



x:y: 


: 16:9 


X : 24 : 


: 24:y 


a;: 16 : 


:y:9 


a;: 24: 


: y : 13i 


' : 13^ : 


: 24:y 
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AHITHMETICAL PROGRESSION. 

Problems under Article 486. 

Pros. 1. a =7, d=3, n=9 : required to find z. 
By the formula, «=a+(n— 1) x d 

Subst. of num., 2='7+(9— 1)X3=7 + 8X3 = 7 + 24=^31. 

Prob. 2. «=60, n=12, rf=5 : to find a. 
By the formula, a==2— (n— 1) Xi 

Subst. a=60— (12— 1)X6=:60— 11X5=60— 55=5. 

Prob. 3. a=l, 2=43, n=8 : to find rf. 

By the formula, d= 

n — 1 

a 1. *•* * ^ 43-1 42 ^ 

Substituting, a = -- — — = — = 6 

Therefore the series is 1, 7, 13, 19, 25, 31, 37, 43. 



2 -'» 

Substituting, »= ''^"+C^"-v^' ^ 20 

2 



]B! x% i«p ]^ under Article 4SB, 

Ex. 1. a=3, (f =2, n=20 : to find 8, 

T^ ., i. 1 2a+(n— l)xt; 
By the formula, 8= ^— - — x 

_ 2x3+(20-l)x2 

6+38 , , 

= X 20=440=sum of the senes. 

Ex. 2. In going from the box to the first stone, and in re- 
turning, two yards were travelled over ; and in going from the 
box to the second stone, and in returning, four yards were 
travelled over. Therefore 2 = the first term, and 2 == the 
common difference. 

By the conditions, a=2, xf=2, n=100 : to find a. 
7 
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Bythefonaub. .^?f+OLzl)x^ 



2 



X» 



•« . . 4+198 202 

Beducmg, #=-i- — x 100=— -x 100= 10100 

2 2 

10100 janls=5 miles and 1300 yards. 



Ex. 3. a=^, d=i, R=150 : to find «. 
Bythefonnnla, .= !fi>Zl)^x» 
Satetituting. ,^ix2+(150-l)x}^^^^ 

BcduciDg, ,= i±li£2iJx 150 = -|-x 150=3775. 

iS 2 

Ex. 4. a=:5, n=30, #=1455 : to find d. 

By the formula, d=z —^ 

nr—n 

Q„. ... .. ^ , 2X1455—2X5X30 

Substituting, d= ^^^—^ 

Beducing, ^^2910-300^2610 

* 900—30 870 

Ex. 6. a=7, i=2, #=567 : to find n. 

By the formula, «= V'8^^ ^^=^'-2^+<^ 
"^ 2c? 

Substituting, n= V^X 2X567 4- (14327-2x7 + 2 

2X2 
^ 1/9072 + 144—14 + 2 
4 



Reducing^ 



Or \/9216-12 96—12 
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Ex. 6. a=l, rf=J, n=32 : to find s. 
By the formula, s^ 2a+(n~l)X(f^^ 

Substituting, *= 2+(32->l)x-| ^ ^^ 



2 



Reducing, ,= 2+31xJ ^ 33^ ?5 ^ ^^^ 



2 4 



280. 



Ex. 7. 0=10, (f=20, n=47 : to find 5. 

Q k„* - f 1 2XlO + (47— 1)X20- ^ 
Su bst. m same formula, s = ^ ^ — > — x 4 7 

^ , . 20+46x20 . 20 + 920 ,^ 

Reducmg, *= x 47 = — x 47 

2 2 

Or, «=470X 47=22090=1220.90. 

Ex. 8. a=l, d=:l, n=366*. to find s. 

Subst. in same formula, «= ^ ^ — X 365 

*> 1 . 2+364 

Reducing, s— — i- — x 365 = 66796 =$667.96. 



FroUami under Artiele 443. 

pROB. 1. Let x=: the second number, and y= the common 
difference. 

The series will be «— y, x, x+i/, «+2y. 
By the conditions, («— y) +a;+(a?+y)+(«+2y)=56 
And (a?-y)*+a:»+(a;+y)*+(a:+2y)»=864 

Or by reduction, 4a:+2y=66 (1) 

And 4«*+4a^+6p'=864 (2) 

Div. (1) by 2, and squaring, 4a:*+4iry+y'=784 (3) 

Subtracting (3) from (2), 6y'=80, and y'=16 

Therefore, y = 4, and x=zl2 

And the series wUl be 8, 12, 16, 20. 
7* 
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Prob. 2. Let X = the second number, and y == the common 
difference. 

The series will be x—y, x, x-\-y. 
By the conditions, (a?-^y)+a?+(a?+y)=9 (1) 

And {x-yy+a^+{x+yy=zl53 (2) 

Reducing (1), 3x=z9, and «=3 

Reducing (2), 3aj' + 6ary'=153 

Substituting, 81 + 18^=163, or 18y'='72 

Therefore, y*= 4, and y = 2. 

The series will be 1, 2, 3. 

Prob. 3. Let x = the second number, and y = the common 
difference. 

The series will be «— y, x, x+y. 
By the conditions, (a?— y)+a?+(a:+y)=15 (1) 

And {x-yy+{x+yy=bS (2) 

Reducing (1), 3«=:15, and a;=5 

Reducing (2), 2«*+2y*=58, or a^+y^=29 

Substitutmg, 25+^^=29, 3^=4, and y=: 2. 

The series will be 3, 5, 7, 

Prob. 4. Let a?— 3y = the first term, and 2y = the com- 
mon difference. 

The series will be x—Sy, x—y, x+y, x+Sy. 

By the conditions, (a:— 3y)* + (ar— y)'=34 (1.) 

And {x+yy + {x+Syy=lBO (2) 

Reducing (1), 2a:*— 8ary + 10y*=34 (3) 

Reducing (2), 22:*+ 8a;y + 10^^=130 (4) 

Subtract. (3) from (4), 16ary=96, a:y=6, or y=- 

X 

Adding (3) to (4), 4a:«+20y*=164, or a:* + 5y'=41 



Or, 6y"=41-a:», and y=f/t!—^ 

o 
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Equating the values of y, j/tl f! = ^ 

5 X 

Squaring each side, — - — = *—, or 41ar*— a;^= 180 

Changing the signs, a:^--41ic'= — 180 

Completing the square, 4x*—'[64ix^+ 1681 = 1681 — 720 

Extracting the square root, 2a^— 41= \/961=31 

Or, 20:^=72, a?=z3Q, and ir=6 

Hence v = - = - = 1 

a; 6 * 

And the series will be 3, 5, 1, 9. 



Another Solution. Let x = the second term, and y = the 
common difference. 

Then the series will be ar—y, x, x+i/, x^2y. 
By the conditions, (a:— y)*4-a:*=34 (i) 

And (a:+y)= + (a; + 2y)«=:130 (2) 

Reducing (1), 2a^— 2ary4-y^=34 (3) 

Reducing (2), 2a^+6ary+5y*=130 (4) 

Sub. (3) from (4), 8iry+43^=96, or /4-2a^f=24 (5) 

Mult. (3) by 3, 6a:*-6ary+3y«=102 (6) 

Adding (6) to (4), 8a:»+8y*=232, or a:«+y«=29 
Or, ' y«r=29--a:', and y= 'v/29^^ 

Subst. these values in (6), 29— ar'+2ar 1/21^^=2 4 
Or, 2a:V^^^=a;'— 5 

Squaring each side, 4a:*(29— a;')=a?^— 10a:*+ 25 

Reducing, ^g^^ 126a:»= — 25 

Comp. the square, 100a?^-2520ar«+15876= 15876—500 
Extract, the root, 10a:*— 126=124, 10ar*=250 

Hence, a:*=25, a:=5, and y= ^29- 25=2. 

And the series will be 3, 6, 7, 9. 

7* 
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Pros. 5. Let the digits be equal to a?— y, x, and x+y re- 
spectively. 

Then the number =100(aj—y)+ 10a;+(«+y)=l 11a;— 99y. 

By the conditions, =^=26 (l) 

And llla:-99y+198=100(a:+y)+10a:+(a;-y) (2) 

Reducing (2), Ilia;— 99y+198=llla;+99y 

Or, 198y=198, and y=l 

Subst. the value of y in (1), =26 

^ '^ 3a; 

Reducing, Ilia?— 99= 78a;, and a;= 3. 

The digits are 2, 3, 4 ; and the number is 234. 



Prob. 6. Let the series be a?— 3y, a;— y, x+y, a?+3y. 
By the conditions, (a;— 3y)'+(a;+3y)'=200 (1) 

And (a.-y)«+(a;+y)«=136 (2) 

Reducing (1), ' 2a;'+18y'=200 (3) 

Reducing (2), 2a;»+2y'=136 (4) 

Subtracting (4) from (3), 16y'=64, y'=4, y=2 

Subst. this value in (4), 23;* + 8= 136 

Reducing, 2a;*=128, a:"=64, a;=8 

And the series is 2, 6, 10, 14. 



Prob. 7. Let the series be a;— 3y, x—y, x+y, a?4-3y. 
Bythecond. (a;-3y) + (a;-y)+(a;+y)+(a;+3y) = 28 (1) 
And («-3y) X (x—y) X {x+y) x (a;+3y)=585 (2) 

Reducing (1), 4a;=28, and x=z1 

Subst. in (2), and reducing, 2401— 490y'+9y^= 585 

Or, 9y^-490y'=-1816 

Completing the square, 324y^—l'7640y'+ 240100= 174724 
Extract, the root, 18y'— 490=±418, 18y*=72, y=-l 
And the numbers are If 5, 9, 13. 
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GEOMETRICAL PROGRESSION. 

Problems under Artidd 450. 

Pros. 1. a=4, «=:256, n=4 : to find r. 

1 

By the formula, r=[-j" 

1 

Substituting, r=^^V"^ =(64)^=4 

And the series is 4, 16, 64, 256. 



Pbob. 2. a= J, 2=9, »=5 : to find r. 

1 

By the formula, r= j- 1 

Substituting. r= [yV "^ = (81)^=3. 

The three means are J, 1, 3 ; and the series, J, J, 1, 3, 9, 



FroUems imder Article 452. 

Prob. 1. a=6, 2=1458, r=3: to find s. • 

By the formula, «= -- 

a I.*-. *• 3x1458-6 4368 ^,^^ 

Substituting, s = — = — -— =2184. 

3 — 1 2 

Prob. 2. a=J, r=J, n=5: to find *. 

By the formula, *= — 

J r— 1 

Substituting, *= h2lMz± = iiidpi 

Or ,_ 7k-^ _-HI_ 242X« 121 

^'' -I ~ -J ~486X2~162' 
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pROB. 3. a= 


■1, 


r=3, w=12: 
ar"=lX3" 


to find s, 

= 1X531441 




By the formula. 




'- r-l 


i 




Substituting, 




631441 — 1 531440 


— 265720 


* 3- 


■1 2 




pROB. 4. ari 


1, 


r=f, n=10. 






Then 




a^= IX (!)•"= 


1024 
59049 




By the fonjaula, 




or"— o 
*- r-l 






Substituting, 




1-1 


I _ 58025 3 _ 
59049 1 "" 


174075 
59049 • 



ProUextts under Article 454. 

Prob. 1. Let the three numbers be x, y, and z. 
By the conditions, x: y :: y \z,ox xz^y^ (1) 

And x-\-y+z=li (2) 

And a^+y'+z''=84: (3) 

Subst. for y* in (3) its value from (1), a?+xz+^=8i (4) 

Adding (1) to (4), a^+2xz+z'=84+7/ 

Extracting the root, x+z=:Vs4+y'' 

Transposing y in (2), x+z=l4: — y (5) 

Equating the values of (x+z), Vsi + y'= 1 4 — y 

Squaring each side, 84-|-y^=196 — 28y+y' 

Reducing, 28y= — 84 + 196 = 112, and y=4 

Subst. the value of y in (5), and squaring, {x + zy= 1 00 (6) 
Subst. the value of y in (1), and mult, by 4, 4xz=zQ4 (7) 

Subtracting (7) from (6), x^'—2xz-{-^=iSQ 

Extracting the root, a:— 2=6 

Therefore, 2a;=16 and ar=8, 2^=4 and z=2. 

And the numbers are 2, 4, 8. 
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Pros. 2. Let x = the first term, y = the common ratio. 
The series will be a?, «y, xt^. 
By the conditions, xxxyx xt^=3i^i^=z 64 (1) 

And aj'+ar'y'+a^y^sSSi (2) 

Dividing (2) by (1), ^+1+/=^ = ^ 

Clearing of fractions, 8+8y*+8y*=73y* 

Reducing, y« — ~y'= — 1 

n 1 *• *!. J. 65 . . 4225 4225 , 

Completmg the square, y«— -^y'+'^TTr = - 



8 "^ 256 256 



„ . , ^, * J 65 . ./4225-256 65. 73969 

Extract, the root, y'ss — ±f/ = — ±4/ --— - 

^ 16 '^ 256 16 ^ 256 

O ,_65 . 68_128_64 

' ^"" 16 16 "" 16 "" 8 

Hence, y=f/ — = - =2, and x=y _ = - =2. 

And the required numbers are 2, 4, and 8. 

Pbob. 3. Let X, xy, and xi^ be the three numbers. 

By the conditions, a?+a:y*=52 (1) 

And a:*/=100 (2) 

Extracting the square root of (2), ^y=10 (3) 

Dividing (1) by (3). ^+^=15 

Clearing of fractions, 10 + 10y*=523^ 

Reducing, y«— — y = — 1 

Completing the square, y«-. _y + ^_j =^I-j - 1 



„ ^ ,. ,, ^ 26 . ./676-10O 26. /57a 

Extractmg the root, y= _ d= ^Z _^-^ = ^±/_ 

^ 26 .24 ^ . 10 ^ 

°'' y=-±_=5,anda:=-=2. 

And the required numbers are 2, 10, and 50. 
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Prob. 4. Let ar, xy, xy\ and xy* be the numbers. 
By the conditions, a:+«y=15 (1) 

And ay+ay=60 (2) 

Dividing (2) by (1), y*=4, and y=2 

Substituting in (1), x+2x=:15, 32?= 15, and x=:5. 
And the required numbers are 5, 10, 20, and 40. 

Prob. 5. Let x^, xy, and x represent the series. 
By the conditions, x+xy+xj/*=2lO (1) 

And ar/=a:+90 (2) 

Subst. in (1) the value of «y*, a?+a!y+«+90=210 
Beducmg, 2x+xyz=l20 

Dividing by (2+y), a?= -^^ 

90 
Trans, x in (2) and div. by (y*— 1), «= -^ — - 

90 120 



Equating the values of x, ^ — — 

^ ^ y*-l 2+y 

Clearing of fractions, 180+90y=120y'— 120 

Dividing by 30, 6 + 3y = 4y'— 4 

Reducing, y*— -y= -j- 

3 /3\' 10 /3\' 
Completing the square, y»— -y+ ( - j = — + ( - j 

Extracting the root, y=-=by — + — = -d= j/- 

3 . 13 ■ , 120 120 ^^ 

And the portions of the servants are $30, $60, and $120. 

Prob. 6. Let x, xy, and xy^ be the series. 
By the conditions, xi^=zx+l6 (1) 

And a:*y<— «" : ix^+a?/+a^y* : : 6 : 7 (2) 

Div. first couplet by «*, y*— 1 ^ l+y*+y* : : 5 : 7 

8ubt anteced. from conseq., y*— 1 : y'+2 : : 5 : 2 



169 
64 
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Mult, extremes and means, 2y*— 2=5y'+10 

5 



Reducing, y^— -y'^S 



Completing the square, y*— 2^*+ (7) ~^+ (l) 

5 / 25 5 /121 

Extracting the root, y*= -±j/G+ — = - =h j/— - 

, 6 .11 16 . , 

Or, y«=j=b — = — =4, andy=2 

Subst. the value of y in (1), * 4aj=«+15, Sx=zl5, «=5. 
And the series is 5, 10, 20. 

Pros. 7. Let x, xy, xj/*, and rry* be the series. 
By the conditions, ^y*— «yr=24 (1) 

And x+xy^ : ary+ary* : : 7 : 3 (2) 

Div. first couplet by {x+xy), ^— y+1 : y : : IT : 3 
Mult, extremes and means, 3y*— 3y+3=7y 

Reducing, y* — — y = — 1 

o 

10 /5\' /5\' 
Completing the square, y*— Yy+ ( - j = ( - j — 1 

Extracting the root, y=-± y — II^ = -=hy — 

Or, y=3^5=3 

Subst the value of y m (1), 27«— 3a?=24, 24a?=24, i»=l. 
And the required numbers are 1, 3, 9, 27. 



GREATEST COMMON MEASURE. 

Ex.2. s^+2bx+V)ix^'^ Vx{x 

a^+2b2^+Vx 



*— 26««— 26«a? 
Dividing this remainder by — 25« (Art. 477), we have, as a , 
new divisor, 

8 
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x+h)a?+2bx+b'{x+b 
^+ hx 
* bx+b^ 

bx+b* T+bz:zQ. 0. M. 

Ex. 3. Dividing (ah+a^x) by a' (Art. 477), we have, as a 
divbor, {c+x), 

c+x) cx+s^ (x 

cx+a^ c+aj=G. c. m. 

Ex. 4. Bj dividing one of the quantities by 2, and the oth« 
cr by 3, each becomes («*— 8aj— 3), which is the greatest com- 
mon measure. 

Ex. 5. Dividing (<•— 6V) by a\ we have, as a divisor, 

a'b^-b* a«-6«=o. 0. M. 
Ex. 6. Dividing («y+y) by y, we have, as a divisor, (x+l). 

a?+x 

— ar— 1 (j?+l)=:o. 0. M. 

Ex. 7. Dividing (a^— a^) by (a^'+a*), we have, as a divisor, 
a:S«a«)aj»-a'(a; ' 
g*— g'a? 
* a^x—a* 
Dividing this remainder by a\ we have, as a new divisor, 
a?— a)«*— a'(a?+a 
aj*— aa? 

* ax^af 

ax'-'cf x^asza. o. k. 
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Ex.8. a'-3a6+26^)a*— a6-26«(l 
g'— 3a6+2y 
* 2a6-46« 
Dividing this remainder by 2b, 

a— 26)a*— 3a6+26*(a-6 
g'— 2aft 

*— ab+2b* 
^ ab + 2b* a— 26=o. o. M. 

Ex. 9. e'-a**— a«"+«') g*— aJ* (a 



* g»«+gV-a«»— ^ 
Dividing this remainder by (ax+a?), 

ar4-aj») a"«+gV— ga^— a:* (g«— aj« 
a^x+aV 

* ^ — ob'— a?* 
— ga:*— a?* 

Takbg (a*— «^ as a new divisor, 

a*— «•) g'— a*a?— g^+a:* (g— « 
g* — g a^ 
*— g*a? * +a:» 
—g'a? +a:* g*— ^•=o. o. Bf. 

Ex. io. (g»-g5«)=gx(g»-6*)=gX(g-6)x(g4-6). 
The first two factors are evidently not contamed in the sec* 
ond quantity, and may therefore be omitted. 
Dividing by (a+b), 

a+b)a^+2ab+ff{a+b 
g*+ ab 

* ab+b^ 

gft+y (g4-6)=o. c. m. 

Th6 examples imder Articles 482 and 483 are so simple^ that 
it is ihoQght mmacessary to give solutions of them here. 

8 
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INVOLUTION OF BINOMIALS. 

In the expansion of quantities under this head, the letters 
A, B, C,,D, &c., are used to denote the undetermined coeffi- 
cients. 

Example 2. 
{l+x)i=li+Al'^x+Bl^a^+ CTV+jDrsfaJ*, &c. 

^=2- ^=2^-2^ = 2^-4=-"2T4- 

^1-1 1 3 3 

2.4 3 2.4 6 2.4.6" 

-^3—4 3 6 3.6 



2.4.6 4 2.4.6 8 2.4.6.8 

Disregarding the 1, as all its powers and roots are 1, the series 
will be, 

(1+^)^=1 + --- + ^^-^-^^, &c. 
Example 3. 

^-2" ^~2^"2"-2^'"4-""2l- 

2.4 3 2.4 6 2.4.6' 

^3—43 5 3.5 



X — - = - 



2.4.6 4 2.4.6 8 2.4.6.8 

2.4.6.8 5 2.4.6.8 10"" 2.4.6.8.10* 



Series of 



(1+1) =l + -^._+^^-__ + -j_^.&c. 
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Example 4. 

\ a or or a* / 

^=2- ^=2^-2^ = 2^^4 = -2T4- 

"" 2.4^ 3 "" 2.4^ 6 ""2.4.6* 
^3—43 6 3.5 






2.4.6 4 2.4.6 8 2.4.6.8 

Example 5. 

1 «_1 — 1_1 2_ 2 

3 3 2 3 6 3.6 

2^ -"I ^ 5_ 2.5 

3.6^ 3 "~ 3.6^ 9 ""3.6.9' 

2.5 —f _ 2.5 8 2.5.8 

■"3.6.9^ 4 ""3.6.9^ 12"" 3.6.9.12' 

i /i-L * 2'* 2.56' 2.8.86^ . \ 



M> MET ID bat's 



ExA3fru.6. a^x(l— -) = 

.1 l^»l 3 3 

^=4- ^=4^Y = 4^"5 = -45\ 

4.8^ 3 ~ 4.8^ 12 ""4.8.12' 
3.7 -V 3.7 11 3.7.11 

~ 4.8.12^ 4 ■" 4.8.12^ 16"" 4.8.12.16' 
As the terms which have a plug eoefficieot^ ako hsre a mmus 
mga hdare them ; coDsequeiitl j the signs of all except the fiist 
term will be minus, j 

\ / b 3ff 3.7V 3.1. Ub* \ 

* '^V 4a 4.8a« 4.8.12*^ 4.8. 12.1 da' / 

ExAMFU 7. (a +«)~i=a~i x ( 1 + -j . 

Expandiog, we hare <r^ ^ ( ^"^ ~) ~ 

J 1 „ l-§ 1 3_8 

^—2' '^=~2'*"2"=~2^"4-r4- 



2.4 3 2.4 6 2.4.6 

3.6 —1 3.6 7 3.6.7 
X— ? = — —— X-- = : 



2.4.6 4 2.4.6 8 2.4.6.8 

-iwA « , 3«' 3.5a;' . 3.6.7a^ , \ 
V 2a ^2!?? 2.4.6a»^2.4.6.8a^ / 
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Example 8. 

2 2 2li~£ —A — 

^-5' ^-5^ 2 ""5^ 10 ~ 6.10* 



5.10 3 5.10 15 5.10.15 

2.3.8 —^/ _ 2.3.8 13 _ 2.3.8.13 

""5.10.15^ 4 "* 5.10.15^ 20"" 5.10.15.20* 

.| , 2a; 2.3a:' 2.3.8r» 2.3.8.13a;^ , 

fl — xr ^1 ' . &c. 

^ ^ 5 5.10 5.10.15 5.10.15.20' 

Example 9. 

(l+a;)"^=l"^+^l"^a;+^r^^^ar»+ CT^^V, &c. 
.4 1 T> 1 -I 1 6 6 

5* ""5 1 5 10 5.10* 

_C_ -~V ^ 11 _ 6.11 

■"5.10^ 3 ""5.10^ 15 ■" 5.10.15' 
/, x-4- , « . 6a:« 6.11a:' , 

Example 10. 

(a'+a?) 2. Substitute ft for a' ; expanding, we have, 

{b+xy^=:b~i + Ab'^x+Bb~^a^+ Cb'^s^+J)b'^x\ <fec. 

1 p__ 1 -f _ 1 3_ 3 

^^'^2' ^^■"2^"2"—"2^""i~-2l* 
3 —f 3 5 3.5 



(nr_-. _ v^ 2 -^ _ V — 

2.4 3 2.4 6 2.4.6* 

3.5 —1 3.5 7 3.5.7 



2.4.6 4 ■" 2.4.6 8 ""2.4.6.8* 

^'Restoring the value of b, and using coefficients, we have, 
/ « . \-i 1 a; 3a:» 3.5a:» , 3.5.7a;^ . 

8* 
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t^ It should be remembered, that quantities with ntgoJUvt 
mdices are most properly and generally expressed as fractioos ; 

1 2 

for instance, a"'== -j, or 26"*= -. For further examples, see 

Art 207. 



£XAMPLB 1. 

Required the 8th power of (a+5). The terms are as follows: 
Without coefficients, a\ a!h, a«6«, a*6», a^h\ aV, aV, ah\ h\ 
The coefficients are 1, 8, 28, 56, 70, 56, 28, 8, 1. 

The terms complete are 

a«+8a^6+28a'6"+56aW+70a'6*+56aV+20a'6«+8a6^+6\ 

Example 2. 

Required the 7th power of (a— h). The terms are as follows : 
Without coefficients, a\ a% aV, a%\ a*b\ aV, ab\ h\ 

The coefficients are 1, 7, 21, 35, 35, 21, 7, 1. 

The terms complete are 

a^-7a«6+21aV-35a*6'+35a»6*-21aV+7a5«-6^ 

Example 3. 

(l-a)-»=l-»-^l-*a+^rV-(7l-*a»+i>l-V-igri-V,&c. 

^=-1. ^=-1x^ = 1. (7=lx^=-l. 

i)=-lX^ = l. ,^=:ix^=-l. 

4 6 

As the minus coefficients change the minus terms to plus, the 
series will be, 

(1— a)-*=l+a+a*+a»+a*+a», &c. 



\ 
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Example 4. 
kX{a-b)-^=hXia-'-Aa-'b+£a''b*- Ca-*b* + Da-'b*, ice.) 

A=-l. ^=-1X^=1. 

C=1X^=-1. i>=-lX^=l. 

A(«-6)-'=Ax(i + i + i; + -^+-^.&c.) 
^ ' \a or or a* a* / 



Example 5. 
Let e represent a' ; and d, b* : 

Of coarse the coefficients are the same as in Examples 1, 2, S, 
4 (Art. ^82), and 

2 2.4 8 



2.4.6 16 2.4.6.8 128 

Restoring the values of c and d, viz. a* and b\ then 



Example 6. 

^=-4. jB=-4X^=10. 

(7=10X^ = -20. i)=-.20X^=35. 

o 4 

, , , . 1 4y , 10/ 20^'S5t/* . 
(«+y)^=-,--4-^-^ + ^,&c. 
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Example 7. 
Substituting a for c' and b for a^, then 

(a+b)i=a^+Aa'h+Ba'^b'+ CcT^b^ <fec. 
1 1 -f_l 2_ 2 

~ 3.6 ^ 3 "" 3.6 ^ 9 ~" 3.6.9' 
Restoring the values of a and 6, viz. <? and a^, then 

Or bringing c out of the series, and placing it before the vin- 
culum, 

/ . sx4 /, . ^ 2a:« , 2.5ar' , \ 



Example 8. 

rf(c»+ai»)"^. 
Substitute a for c*, and 6 for a?, then 

__1 ^ 1 — f 1 3__ 3 

^-2* ^~ 2^ 2 ~ 2^ 4~2r4- 



2.4 3 2.4 6 2.4.6 

Restoring the values of a and 6, viz. (?-{-a?, we have. 

Or bringing c out of the denominators of the series, then 



mvoLunoN of binomials. 9S 

Example 9. * 

' (a'+y*)** Iict c represent a', and x represent y' : 

Restoring the values of c and x, viz. a' and y*, then 

(a^+yT=a'" + 5ay+10ay+10ay+5aV»+y*. 

Example 10. 
(a+6+ir)^ Let c represent (h+x). 

Restoring (h+x), 

{a+b+xY=ia!'+4.a\b+x)+ea\b+xy+ia{b+xy+{b+x)\ 
Expanding and involving the terms which have (b+x), 

(a+6+ary=a^+4a'6+4a'x+6a*6*+12a»6a:+6aV+4a6'+ 

Example 11. 

{a^-'xy. Substitute b for a', and we have 

(6-ar)^=:5*- J6"^a;+jB6"^a:«- C76'^a:»+2>6"^a^, <fec. 
The coefficients are the same as in Ex. 2 (Art. 505), for the 
indices are the same. 

2 2.4 2.4.6 2.4.6.8 

Restoring the value of b, then the series will be, 

,,,1^0? a^ Sa^ 3.5.t* 
(a»-a?P=a^ ^ jy ^, <fec. 

2aT 2.4a^ 2.4.6a ^ 2.4.6.8a 2 
Or, 

(«-^) -'*^l'-2^'^2l?-n:6?-^2T6.-8?-«'^ 



96 



Example 12. 



2 2.4 2.4.6 2.4.6.8 

^ ^^ 2 2.4 2.4.6 2.4.6.8 

The value of the coefficients is obtained bj substituting the first 
power of some letter, as a for ^ ; and thus the indices being the 
same as those of the preceding example, the coefficients are the 
same. 

Example 13. {a'~x)i=a^x(l—-\ . 

j_l p_l -f_l 2_ 2 

^""3- ^-3^'2~-3^~6""~3:6- 

^ 2^ Zli — — A 5_ 2 5 

"" 3.6 ^ 3 ~" 3.6^ 9 ""3.6.9* 

Example 14. 
A(a'— y*)'. Let x stand for a', and h for y*. 

A(a?-6)^=Ax(«^-^iP"^&+^iP"*6'-C7a;"^&», &c.) 
1 p_l -f_l 2_ 2 

^-3* ^-3^'2"-3^'"6-""3:6' 

^___2_ -J 2^ 5 2.5 

~" 3.6 ^ 3 "* 3.6 ^ 9 "" 3.6.9' 
Restoring the values of x and h, we have, 

^ ^^ \ 3a* 3.6a* 3.6.9a*^ / 
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EVOLUTION OF COMPOUND QUANTITIES. 

Example 3. 

Required the fifth root of 

(a'+5a^6+10a»6«+10a»6»+5a6^+6*). 

a'+5a'b+l0aV+10a^b^+5ab*+I^ {a+b 

^ 

5a^) * 5a^6+10a'6'+10a'6»4-5o6^-f6* 

a'+5a'b+10a^l^+ lOa^b^+Sab^^b^ 
a^+5a^b+lOa^b*+10aW+5ab^+b'=:{a+by. 

Example 4. 
Bequired the cube root of (a'— 6a*6+12a6'— 86'). 
a»-6a»5+12a6«-86' (a-26 



3a')*-.6a«6+12a6«-86' 



a'— 6a*6+12a6»— 86' 

a»— 6a^6-fl2a5«-~86'r=:(g~26)'. 



Examples wider Article 508. 

Example 3. 
a«— 2a*+3a^— 2a'+a»(a'— a*+a. 



2a«— a«) * — 2a*+3a^— 2a'+a« 
— 2a^+ a* 

2a»-2a«+a) * +2a^— 2a'+a« 

4-2a'— 2a'+a* 

* * * 
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EXAMPLE 4. 






a*+4a'6+46»- 


-4a«- 


-86+4 (a 


i'+26-2. 


2a*+26) 


4a«64-46« 


-4a«- 


-86+4 




2a*+46- 


-2) * * - 


-4a«- 
-4a»- 

* 


-86+4 
-86+4. 





PramiBenoas Esunples.— Article 508. 

Example 1. 

Required the square root of (x^— 4a:^+6a;'— 4«+l). 

x^^4x'+Ga^'-4z+l (a?'— 2«+l. 
^ 

2a;«-2a;) * — 4ir*+6a:'-.4a?+l 
. — 4a:»+4j:' 

2«*— 4a;+l) * 2a:«-.4ar+l 
2a;'— 4a?+l 
"* * * 

Example 2. 

Required the cube root of (ir^— 6a:'+ 1 5a^— 20a;'+ 15«*—6a;+l). 

ic"— 6«*+15ir^— 20a:'+15a;'— 6a:+l («•— 2a:+l. 



8rg*) * — 6j:'+15y^~20a:^+15a;'— 6a;+l 

a:*— Ga:*+16a;^-20a:^+16a;'— 6a;+l 

a:«— 6a:»+12a;*~- 8a:^ =z{a*^2x) \ 

3ix^) * * 3a;^— 12a:^+15a;'— 6ar+l 

a:*— 6a:*+15a^— 20a:*+15a:'— 6a;+l 
a^_6a:»+15g^— 20a:^+15a:'— 6ar+l==(a;'-2a;+l)'. 
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Ex. 3. Required the square root of^4a^--4a;'+13a:"— 6a;+9). 
4a^— 4a;'+13a;'— 6ar+9 (2a:'— a?+3. 

4a;«— a?) * — 4a:'-M3a:^— 6ar+9 \^ 

— 4a;^+ ^ 

4a?'— 2a:+3) * +12a;'— 6a;+9 
4-12a:^— 6a;+9 



Ex. 4. Required the fourth root of 

(16a^-96a'a:-P216aV-216a«»+81a?*). 
16a*— 96a^r+216aV— 216aa;'+81a;^ (2a— 3a?. 
16a* 

82a') * — 96a^a;-f 216ftV— 216aa;'4-81a?* 

16a*— 96a'a?+216aV— 216aa?'+81a?* 

16a*— 96a'a?+216aV-216aa?'+81a;*=(2a— 8a;)*. 
_ J J -^ ^ 

Ex. 6. Required the 5th root of (a;*+5a?*+10a?'+10a?"+5a?+l). 

a;*+5a?*+10a?'+10a?^+5a?+l (a?+l. 

^ 

5a;*) * 5a;* + 10a?'+10a;^+5a?-<:^l 

ar'+5a?*+10a;'+10a;*+5a;+l 
a;^+5a;*+10a;'+10a?'+5a;+l = (a;4-l)* . 
5 * * * * *^ 

Ex. 6. Required the 6th root of 

(a«-6a*6+15a*6=— 20a'6'+15a«6*-6a6*+6«). 

ae-6a«6+15a*6=-20a'&'+15a'6*-6a6*+6«(a— 6. 

a^ 

6a') *-6a^6+15a*6'-20a^6'+15a^6*-6ay+&° 

a6— 6a*6+15a*6'^— 20a'6'+15a*6*— 6a5*-ffc» 
Qg_6a^6+15a*6'-20a^6'+15a'6*-6a6^+y=(a-5)* 
♦ « * * * * 

9 
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ROOTS OF BINOMIAL SURDS. 

Ex. 1. Find the square root of 3 + 2 \/2. 
a=3. v/6=2v/2. 

Then, a*=9. 6=(2v/2)»=8. a«-6=9-8=l. 

By formula 1st, V3 + 2 V2==='K ^^ + r ^^. 

Then, -/3 + 2^2=:\/2 + l 

Ex. 2. Fmd the square root of 11 + 6 \/ 2. 

a=n. v/6=6v/2. 

Then, a*=:121. 6=(6V2)*=72. a*-6=121-72=:49. 

By formula 1st, we have, Vll + 6\/2=y — — +y — ^. 

Then, VlH-6\/2= 3 + \/ 2. 

Ex. 3. Find the square root of 6—2 v^ 5. 

a=6. Vh=2y/b. a"=36. 6=(2V6)'=20. 
a«-6=36-20=16. Va«-.6= v'16=4. 



By formula 2d, -/6-2V5 =1/^-4/^. 

2 2 



2 '2^2 

Then, V6-2v^5= v^5- 1, 
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Ex. 4. Find the square root of 7 + 4 %/ 3. 

0=7. \/6=4\/3. a»=49. 

6=(4v^3)«=48. a»-6=49-48=l. 

By formula 1st, Vl+^VS= ylii + j/lzl. 

Then, VT+WB-2+y/S. 

Ex. 5. Find the square root of 7—2 \/ 10. 
a=7. v/6=2>/10. a*=49. &=(2v'10)«=:40. 
a*— 6=49— 40=9. V?ir6= v^9=3. 

By formula 2d, 'v/7-2v/10='j/^±I- j/HI. 
Then, V7 — 2\/10= V5-'V2. 



INFINITB SBRIES. 

Art. 512. Ex. 4. Reduce to an infinite series. 

1— a 

l-a)l+a(l+2a + 2a« + 2a»+2a< + 2a*, &c. 
1-a 



2a 
2o- 


-2o' 
2a' 
2a'- 


-2a' 
2o» 
2a'- 


-2a* 

2a« 
2a«- 


-2a» 



2a* 
9* 
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It IS erident that if the openOMm be contmned in the same 
msmier the series will not tenoioate, and each tenn, after the 
second, vill be equal to the preceding term mnltipKed bj a. 

An. 513. Ex. 2. Reduce Vo*— 6^to an infinite series. 

\ 2a So* 16cr 



2a-^y-9 



--^ 



a 8<^/ 4a» 



40* "*" 8a* 64a* 



Ex. 3. Bedace V2, or Vl + 1, to an infinite series. 



4) 



2 + Trl *+l 



-4 



2 + 1 



-1\ ._i 
8/ 4 



4 8 64 



"^^^ 4 + 16/ +8 64" 
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Ex. 4. Reduce V'l+x to an mfinite series. 

/ ^ X a? a? 5x^ . 

1 A.X I IH 1 , (fee. 

^ \ ^2 8^16 128' 

1 



24-f) *+. 




+.+ - 


* 


»» «' a!« 


AM 


4 8 ''"64 




2+ar 1 * A 

^ 4 ^16/ ^8 64 




+ ¥+16- 


"64 • 256 





Indeterminate Coefficients. 

14- 2a: 
Ex. 3. Expand into a series -5. 

14- 2a: 
Assume — -I — - =^+^a:+Ca:'+i>a:'+-fi'a?*, &c. 
1 — X — sr 

Clear, of fractions, l+2x=A^Ax^As?+Bx—B:x?''Ba?+ 
Gx?'-C^-Ca?+Da?^I)a?--D:x?+Ii;s?, &c. 

Transposing l+2a:, and collecting the severffl powers of x, 
0=(^-l)+(^-^l-2)a:+(6'-^-^)a;«+(i>-(7-^y 
+{E^D^C)x\&c, 
Equating the coefficients of the different powers of x with zero, 
and finding the values of ^, B, C, D, &c. 
♦- 9* 
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• Example 12. 



2 2.4 2.4.6 2.4.6.8 

^ ^^ 2 2.4 2.4.6 2.4.6.8' 

The value of the coefficients is obtained by substituting the first 
power of some letter, as a for y* ; and thus the indices being the 
same as those of the preceding example, the coefficients are the 
same. 

Example 13. (a— a?)3=a3x (l— -j . 

._1 ^_1 ~f_l 2_ 2 

^-3- ^-3^"2"."-3^~6"""3r6- 

2^ -"I 2^ 5_ 2.5 

~" 3.6 ^ T" "~ 3.6 ^ 9 "" 3.6.9' 

Example 14. 
A(a'— y*)*. Let a? stand for a', and 6 for y*. 

A(ar-6)*=AX(a;*-^a?"^6+^a;"^6«-(7a;"^6», <fec.) 
1 ^_1 -f_l 2_ 2 

^-3' ^-3^"2"-3^"6""3:6- 

2^ --| 2^ 5 2.5 

3.6^ 3 - 3.6^ 9 ""3.6.9* 
Restoring the values of x and b, we have, 
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SVOLUnON OF COMPOUND QUAITTXTZES. 

Example 3. 

Required the fifth root of 

{a'+5a*b+l0aV+l0aV+5ab*+b'). 

a*+5a*6+10aW+10a«6'+5a5^+5* {a+b 



a*+5a^6+10a'^+ I0a^b^+5ab*+b' 
a*+5a*b-\-l0a^b*-{-l0a^S^+5ab*+b^={a+by. 

Example 4. 
Bequired the cube root of (a'— 6a'5+12a6'— 86'). 
a»-6a«6+12a6«-8y (a-26 



3a« ) * — 6a'6+ 1 2a6»- 86» 



a'-6a«6+12a6»-86' 
fl»^6a«6+12a6'-86'=(g--26)'. 
« « « « 



£zamples uider Article 608. 
Example 3. 



2a»— a*) * — 2a»+3a*— 2a'+a* 

-2a*+ g^ 

2a»-2a«+a) * +2a*— 2a»+a« 
H-2a»— 2a»H-a' 

9 
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Example 4. 
aH4a'6+46*— 4a''— 86+4 (a»+25-2. 



2a*+2b)* +4a*6+46*— 4a*-86+4 

4a'6+46^ 

2a*+46-2)'* * — 4a'_.86+4 
-4a*-86+4. 



Promisenoiu EiBmple8.--Article 508. 
Example 1. 
Required the square root of (x^—ia^+Qa^^ix+l). 
a;*-4a;'+6a^-4a?+l («'-2ar+l. 



- '--4^+4^ 

2a*-4ar+l) * 2«»-4«+l 
2a:'— 4a;+l 



Example 2. 
Required the cube root of (rc^— 6a:* + 1 6a:*— 203:*+ 1 6a:*— 6a:+ 1). 

a:6— 6a:*+16a:^— 20a:'+16a:'— 6a:+l (a:*— 2a:+l. 

^ 

8a?*) * — 6a:*+15a;*-20a:^+15a:'-6a:+l 

ipS— 0a:*+15a^— 20a:'+15a:'— 6a:+l 

a:«^6a:'+12a:*— 8a^ =(^— 2^». 

8a:*) * * 3a:*— 12a:^+16a:'— 6a:+l 

a:«— 6a:*+15a^— 20ar'+16a;«— 6a:+l 
g«-6a:'+15a^— 20a:'4-16a:'-6a:+l = (a:'— 2a;+l)'. 
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Ex. 3. Required the square root oF^4a;^— 4a:'+13a:*— 6a;+9). 

4a^— 4ar»+13a:«-6ar+9 (2a;'''— a;+3. 
A^ 

4a:«— a;) * — 4a;^+13a:*-6a;+9 \^ 

— 4a?'+ x^ 

4a?'— 2a:+3) * +12a:'— 6a;+9 
+ 12a:'— 6a?+9 



Ex. 4. Required the fourth root of 

(16a*— 96a'a:+216aV-216a«»+81a^). 

' 16a*— 96a'a;+216aV-216aa;'+81a;* (2a-3a;. 
16a* ^ 

82a' ) * —96a^a;+216aV— 21603:^+813;* 

16a*— 96a'a;+216aV— 216aa;'+81a;* 

16a*— 96a'a;+216aV— 216aa;'+81a;*=(2a— 8a;)*. 



Ex. 6. Required the 5th root of (a;*+6a;*+10ar'+10a;*+5a;+l). 

a;*+5a;*+10ar'+10a;^+5a;+l (a:+l. 
a;* 



5a;*) * 5a;*-|-10a;'+10ar^+5a;-bl 

a;*+6a;*+10a;'+10a;^+5a;+l 
a;*+5a;*+10ar'+10a;''+5a;+l = (a;+l)' . 
5 « * * * * 

Ex. 6. Required the 6th root of 

(a«-6a*6+15a*6'— 20a'6=^+15aV-6aft»+6*). 
a«- 6a«5+ loa*6'- 20a'6'+ 1 5a'6*- 6a5*+6« (a-6. 

a« 

6a*) * - 6a^&+ 15a*&'- 20a»6^+ 15a'&*- Qah'+h^ 

a^— 6a*6+15a*6''— 20a'6'+15a"6*-6a6*+6» 
fl«^6a^6+15a*6'-20a^6^+15a^y-6a5^+6'»=(a-6)* 
♦ « * * * -——-———. 

9 



108 



And reducing, 

A=a 

B=z2Ad+h=2ad+b 

C=2Bd—AdP=2bd+4<uP-acP=:2hd+Sad* 

I)=z2Cd''Bd^=zibd'+ead^-2ad''-bd^==Sbd^+4a(P. 
It is evident that if to the terms of the coefficient of any 
term of the series, except the first, there be added respectively 
a and b, and the sura multiplied by d, the result will be the co- 
efficient of the following term. 

Subst. the values of A, B, C, &c., in the assumed series, 
~^^=a+{b+2ad)x+{2bd+dad*)x'+{3bd^-\'4a^^ 
+{ibd^+5ad*y, &c. 

1+a? 1 4-a? 

Ex. 10. Expand into a series 



(1— a:)'"" 1 — 3a;+3a;*— a?'* 
^^^^^ .^g^^gli^ ^ ==A+Bx+Cx'+Dx^'{-^a^,&;c. 

Clear, of fract., l+x=iA—dAx-\-SAa^—A3^+Bx-'3B3?+ 

SBx'^Ba^+Cx^^SCa^+ZCs^-Cx'+Ih?, <fec. 

Transposing {l+x), and collecting the several powers o£ x, 

0=i{A'-l)+{B--1^3A)x-\'{C—3B+SAy+ 

{I)''3C+SB-'A)si^+{F-3D'\-SC—By, &c. 

Equating the coefficients of the different powers of x with zero, 

and reducing, 

u4--l=0 ^=1 
^—1—3^=0 ^=1+3^=4 
C-3^+3^=0 C7=3jB— 3^=12— 3=9 
D''3C+3B—A=0 i>=3(7— 3^+^=27 — 12 + 1 = 16 
JS'-3Z)+3C7-.B=0 ^=3Z)~3 (7+^=48-27+4=25. 
Subst. these values of A, B, C, &c., in the assumed series, 

j^-^^ = l+4x+93?+l6s^+25x*+36x^, &c. 
(1— ar) 

In thb series it is evident that the coefficients are the squares 
«f the natural numbers in their regular order. 
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The Examples under Art. 517 are so simple, that it is un- 
necessaiy to present solutions of them. 



Securring Series. 

Example 1. 

Fmd the sum of the series, 1 +6«+12a;' + 48aj' + 120«*, &c. 
{ABODE ) 

\ 14-6a: + 12«' + 48a^ + 120j?*, &c. J 



Substituting in the formulas of Art. 519, 

DC—BE 48X12-6X120 576 — 720 —144 



= 1. 



" CC—BD'^ 12'-6X48 ""144-288""— 144 
_ CE—DD _ 12x120—48' __ 1440—2304 _ —864 _ 
**" CC-BD'^ 12»-6X48 ■" 144-288 ""-144~ * 
m=l. n=zQ, ^=1. jB=6a;. Scale of relation = 1 + 6. 
^^A + B—Amx^\-\-^x—x^ l + 5a: 
"" 1— m«— na;* "" 1— a;— eic* ~" 1— «— 63:*' 



Example 2. 

Find the sum of the series, l + 3a;4-4a:*4-7a:' + ll«*, &o. 
{ABODE \ 

Substituting in the formulas, 

_ DO— BE _ 7x4—3 X 11 _ 28—33 _ — 5 
^-^ 00-BD'' 4«-3x7 '"l6-2l'"-6"" 

_ OE—DD 4xll-7' _ 44-49 _-5 
**- OC-BD " 4«-3x7 -1^11:21 ""-5"" 
i?i=l. n=l. -4=1. B=z3x. Scale of relation = 1 + 1. 
A + B—Amx l+Bx—x l+2ic 



S= 



10 
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Example 3. 
Find the sum of the series, H-aJ4-6a:* + 13a^ + 41a?*, <fec. 

Substituting in the formulas, 

DC'-BE 13x6—41 65— 41_24_ 



n=:- 



CC-BB 6'— 13 25—13 12 

CE—DD 5X41 — 13' 205 — 169 36 



CC—BD'' 6»— 13 "" 25-13 *" 12 " ' 
m=2. w=3. u4=l. B=x. Scale of relation =2+3. 
A+B^Amx _^ 1+a?— 2a? ^ 1— a? 
~ 1— wa;— na:* ~ 1 — 2a;— 3a;" ~" 1 — 2a;— 3a:'* 

Example 4. 

Find the. sum of the series, lH-2a;+3a;'+4a;'+5a;*, <fec. 
{AB OB E ) 

4'l+2a;+3a;'+4a;'+5a:*, &c. j 
Substituting in the formulas, 

_ J^^—^^ __ 4X3^2X5 _ 12-10 __ 2 _ 
^^ CC-BD" 3»-4x2 " 9-8 ^l" 

_ CE—DD __ 32<5 — £' _ 15-lC __:zl^^i 
'^"'6^C--Bi>'~3«-2X4"" 9-8 "" 1 ~ 
m=2. n= — 1. u4=l. jB=2a;. Scale of relation = 2—1. 
A+B—Amx l+2a;— 2a; 1 1 



5= 



1— wa;— wa;* 1— 2a;+a;' 1 — 2a;+a;' (1— a;/' 



Method of Differences. 
Example 1. 
Find the nth term of the series, 1, 3, 6, 10, 15, 21, &c. 
Proposed series, 1, 3, 6, 10, 15, 21, <fec. 

First order of diflf. 2, 3, 4, 5, 6, &c. 

Second do. 1, 1, 1, 1, &c. 

Third do. 0, 0, 0. 
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a=l. i>'=2. i>"=:l. i>'"=0 

SubstitutiDg m the formula. Art. 522, 

The nth term =l+(n—l)2+(n- 1)^^X1 

= H-2n-2 + Y^— 

=J(2+4n-4+7i»-3n+2)=i(n*+n). 
The 20«A term =:^(20*+20)=210. 
The 60<A term =J(50*+50) = 1275. 

Example 2. 

Find the 20/A term of the series, 1', 2', 3'^ 4*, 6', <fec. 
Proposed series, 1, 8, 27, 64, 125, <&c. 

First order of diflf. 7, 19, 37, 61, &c. 

Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

Fourth do. 0. 

a=l. i>'=7. i>"=12. 2>'"=6. i>""=0. n=20. 

20 2 

The20<Aterm = l+(20-l)7+(20-l)-— -xl2+(20--l) 

It 

^--T-X^^^X 6=1 + 19 X7 + 19X9X 12+19 X9XVX6 

= 1 + 133+2052+5814 = 8000. 

Example 3. 

Fmd the 12^ term of the series, 2, 6, 12, 20, 30, <Sec. 

Proposed series, 2, 6, 12, 20, 30, <fec. 

First order of diflf. 4, 6, 8, 10, <fec. 

Second do. 2, 2, 2, &c. 

Third do. 0, 0. 

a=2. i>'=4. i>"=2. i>'"=0. n=12. 

12—2 
The VliU term =2+(12-l)4+(12-l) -— - x 2 

=2+11x4+11x6x2=2+44+110=166. 
10 
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Ex. 4. Find the 15 th term of the series, l\ 2*, 3*, 4*, 6', &c. 
Proposed series, 1, 4, 9, 16, 25, &c. 

First order of diff. 3, 5, 7, 9, «fec. 

Second do. 2, 2, 2, <fec. 

Third do. 0, 0. 

a=l. i>'=3. i>"=:2. D'"=0. n=15. 

Thel5<Atenn=l+(15-l)34-(15— 1)^^^X2 

= 1 + 14x3 + 14x^X2=1+42 + 182=225. 

Article 523. Example 2. 
Find the sum of n terms of the series, 1*, 2*, 3', 4', 6', <fec. 
Proposed series, 1, 4, 9, 16, 25, &c. 
First order of diff. 3, 5, 7, 9, &c. 
Second do. 2, 2, 2, <fec. 

Third do. 0, 0. 

a=l. i>'=3. i)"=2. i>'"=0. 

.=.+„(i^)x3+»(^)x(^)x.. 

Reducing, 5=7i+f(n'--n)+J(w'-37i'+2»). 
Clearing of fractions, 

6/S=6n+9w'— 9n+2n'— 6n*+4n=2n'+3n*+n. 
Dividing by 6, then /S=^(2n'+3w*+n). 
If n=20, then /S=|(2x20'+3 x20"+20) 

=|(16000 + 1200 + 20) = 2870. 

Example 3. 
Find the sum of n terms of the series, 1', 2', 3^ 4' 6', &c. 
Proposed series, 1, 8, 27, 64, 125, <fec. 

First order of diff; 7, 19, 37, 61, <kc. 
Second do. 12, 18, 24, <fec. 

Third do. 6, 6, &c. 

Fourth do. 0. 

a=l. i)'=7. i)'^'=12. i)'"=6. 2>""=0. 
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("-fi)x(^)x'(¥)x»- 

Reducing, 5= 
n+J(w«-»)+(w'-3w"+2n)x2 + (7i^-6n'+lIw«— 6n)xJ. 
4^=4n+14w»— 14n+8n'— 24n'+16w+»*— 6n'+lln*— 6». 
Reducing, 4/S=n^+2n'+n*; and iSf=:}(n^+2»'+n'). 
If n is equal to 60, then S=z^{o0*+2 x 60'+50*). 

Expanding, iSf=|(6260000+250000+2500)= 1625625. 

Example 4. 
Find the sum of n terms of the series, 2, 6, 12, 20, 30, &c. 

Proposed series, 2, 6, 12, 20, 30, <fec. 
First order of diflF. 4, 6, 8, 10, &c. 

Second do. 2, 2, 2, &c. 

Third do. 0, 0. 

a=2. 2>'=:4. i>"=2. i>'"=0. 

5=2.+,(»-^)x,+.(izl)x(==2)x.. 

Reducing, S=2n+{n^—n) X 2+i(w'— 3w'+2w). 
Clearing of fractions, 3/S=6n+6w'— 6n+w'— 3w*+2n 

=n»+3»'+2»=n(n'+3»+2). 
But (»«+3n+2)=(n+l)x(n+2). 

Then, SS=n{n+l) x (n+2). 

Dividing by 3, then, S='ln(n+ 1) X {n+2). 

Example 5. 
Find the sum of 20 terms of the series, 1, 3, 6, 10, 15, &c. 

Proposed series, 1, 3, 6, 10, 15, <fec. 
First order of diff. 2, 3, 4, 5, &c. 
Second do. 1, 1, 1, &c. 

Third do. 0, 0. 

10* 
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^ a=l. i>'=2. i>"=l. i>'"=0. 11=20. 

.=..+»(!5=l).,„,(52pl).(?2^)x.. 

Reducing, 
^=20+20 X 19 + 20 X 19 X 18 X^=20+380+1140 = 1540. 

Example 6. 

Find the sum of 12 terms of the series, 1^ 2*, 3^ 4^ 6^ 6^ <kc. 

Proposed series, 1, 16, 81, 256, 625, 1296, &c. 

First order of diff. 15, 65, 1Y5, 369, 671, &c. 

Second do. 50, 110, 194, 302, <fec. • 

Thu-ddo. 60, 84, 108, <fec. 

Fourth do. 24, 24, &c. 

Fifth do. 0. 

a=l. 2>'=15. i>"=50. 2>'"=60. 

2>""=24. 2)'""=0. n=:12. 

/l2-2\ /12-.3\ /12-4\ ^^ 

5=12 + 12XVXl5 + 12XVxVX50+12XVxyXfX 
60+12XVxVXjX|X24. 

Reducing this expression, 

5=12+990+11000+29'700+19008=60'710. 



CONTINUED FRACTIONS. 

1 

[ Art. 528. Ex. 1. What is the continued fraction fomied 

1683 



CONTINUED FRACTIONS. 
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235)1683(7 
1645 



^= 1st Integral Fraction. 



1st Rem. 38)235(6 
228 



2d Rem. 7)38(5 
35 



i=2d 



i=3d 



SdRem. 3)7(2 J=4tli 

6 

4th Rem, 1)3(3 J=:5th 
3 



The continued fraction is formed by adding the 2d integral 
fraction to the denominator of the 1st, the 3d to the denomi- 
nator of the 2d, and so on. 



Ex. 2. What is the continued fraction formed from -— —- ? 

887 



887)1103(1 
887 








1st Rem. 216)887(4 
864 


l+i-=lstlnteg. 


Fract. 


2d Rem. 23)216(9 
207 


t-=2d 


i( 


« 


SdRem. 9)23(2 
18 


i=3d 


M 


(( 


4th Rem. 5)9(1 
5 


|=4th 


« 


M 


5th Rem. 4)5 
4 


(1 f=5th 


<l 


« 


6th Rem. 1 
10* 


)4(4^=6th 
4 




<« 


<« 
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Ex. 3. What are the 


integral fractions derived from — -- ? 


69)1461(24 




118 
281 




236 




1st Rem. 45) 59(1 
45 


24+|-=lst Integral Fraction. 


2d Rem. 14)45(3 


J=2d « 


42 




3d Rem. 3)14 


(4 J=8d " 


12 




4th Rem. 2 


)3(1 {=zUh " 

9 


5th Rem. 


1)2(2 J=5th " " 




2 



Art. 529. Ex. Reduce the V2 to the form of a continued 
fraction. 

1000000)1414213(1 

1000000 

1st Rem. 414213) 1000000(2 
828426 



2d Rem. 171574)414213(2 
343148 



3d Rem. 71065)171574(2 
142130 
4th Rem. 29444 

The first term of the continued fraction is 1, and each suc- 
ceeding term is ^. 
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INTERPOIiATION. 

Ex. 2. Given the logarithmic sines of 20°, 22°, 24°, &c. : 
required the sine of 23^°. 

Here the interval between the numbers is 2. The distance m 
of the required sine from the first number is 1 1 of this interval. 

Therefore, mD'= '^D\ m^^^^ i>"= 1 x | i>", 



m 



""2 3~^ "-4^8^^T2^ ' 



(m^l)(m-2)(m-3) j.rfff_1, 3 1 5 

'^■"2 3 4~^ -4^8^"'l2^ 16^ * 

The logarithmic sines given in the tables are 
For 20° 534052 „,_.o-„, 
« 22° 578575 •'^"HzH i)"=-3785 

« 260 641842 ^2529 _^^^^ Ul 

" 280 671609 ^^'^' 

The first term a = 534052 

7 

mi>'= 39523 Xt = 69165 

4 

,„(^i:lli>"=«3785x| X I =-2484 

»^^^^'— X:-X|X-1X-1 = -3 
The required sine, =600700 

Ex. 3. Given the logarithmic tangents of 17°, 18^, 19°, 
20° : required the tangent of 18 J°. 

Here the interval between the numbers is 1. The distance 
m of the required tangent from the first number is 1^ of this 
inteiTal. 

Therefore, mi)'=|i>', m^^^i>"=| X ji>", 

(m-l)(m-2) _3 1 1 ,,, 

•"-l 3^^ -2^4^ 6^ • 
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The logarithmic tangents given in the tables are 

For 17° 485339 ^,_ 26437 

« 18° 511776 '^'^tz.tL 2)"=-1241 ^.„ 
^ 190 536972 ™ ^^^^^ ^"=13^' 

« 20° 561066 . -'^"^^ 

The first term a =485339 

Q 

Tlie second mi>'= 26437 X - = 39666 

2 

The third m^^^=^i>"=-124lx|x 7 = -466 



-ae fourth ^ ("'-l)(»'-2) j„,^i3sx I xi X-^ 

2 o 2 4 o 



The required tangent =624620. 



Ex. 4. Given the natural sines of 24°, 25°, 26^, 27° : re- 
quired the natural sine of 25f °. 

Here the intervd between the numbers is 1. The distance 
m of the required sine from the first number is If of this in- 
terval. 

Therefore, mi)'= | X D\ m ^^^^^ i>"= | X | X i>'^ 
o 2 3 6 

The natural sines given in the tables are 

For 240 40674 j...... 

« 250 42262 ^,^11 2>"=-13 

- 260 43837 ^^^^ _13 -^"=0. 

« 270 45399 ^^^^ 

The first term a =40674 

The second mi)'= 1688 X- > = 2646 

Thethird»n^^=^i)'=-13X-x| = -7 

2 3 6 

The required sine =43313. 



GENERAL PROPERTIES OF EQUATIONS. 

Article 537. Example 1. 
Prove 'that 2 is a root of the equation a;*— 7aj*-}-12a?— 4=0. 
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«>- 


-7a:''+12a:- 


-4 


X- 


-2 


i^- 


-2a:» 

-5a:M-12aj 

-5a:*+10a: 

2x- 
2a:- 


-4 


s?- 


-6ar+2 



There is no remainder, and hence 2 is a root of the equation. 

Example 2. 
Prove that 3 is not a root of ic'+2«'— 6a;— 4=0. 
, «»+2«'— 6a:— 4 [ a:— 3 

^-^^ a:«+5a:+9 

Sa:*— 6a? 
6a:*— 15a: 

9a:— 4 
9a:-27 



23 = Rem. 
There is a remainder, and hence 3 is not a root of the equa* 
tionr 

Example 3. 
Find whether —1 is a root of a:*— a:*- 5a:*+4a;— 3=0. 
a:*— a:*- 5a:'+4a:— 3 Ia:+1 



f 


^+^ ar'-2a:'-3a:+7 
— 2a:'— Sa:* 
-2a:»-2a:» 


There is 
equation. 


— 3a:^+4a: 
— Sa:*— 3a: 

7a:— 3 
7a:+ 7 

—10 = Rem. 
a remainder, and hence —1 is not a root of the 
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Example 4. 
Find whether 1 is a root of a?*--2ir'— lla^^8a:+15=0. 

— 12a:«- 8a; 
--12a?»+12aj 



— 20ar+15 
— 20ar+20 

— 6 = Bern. 

There is a remamder, and hence 1 is not a root of the equa- 
tion. 

Example 5. 

Find whether —5 is a root of a:*+3a:'— 64aj*+a?+23=0. 

a:*+3aj*— 64«"+a:+23 [ a?+5 

^+^^ a^— 5«'+28aj'— 204a:+1021 

— 5a;^+ Sa;* 
~5a;*— 25a:» 



28a:'— 64a?» 
28a:'+140a?» 



— 204a:«+ a? 
— 204a:*— 1020aj 



1021a:4- 23 
1021a:+5105 

—5082 = Rem. 

There is a remamder, and hence —5 is not a root of the 
equation. 

Article 538. Example 1. 

One root of the equation «*— 4a:*+2a:+r3=0 is 3. What ^ 
are the other roots? 
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— a^+2x 

— x*+Sx 

— x+3 The equation a:*— a:— 1=0 

— x+S contains the two required roots. 

To solve this equation. 

Transposing and comp. the square, a:*— «+ 7 = 7+1 = 7 

17 * *• *u . 1 ±v'5 lihv'5 

Extractmg the square root, a:— - = — - — , or x=z — - — 

2 2 2 

Therefore the required roots are — - — and — - — . 

2 2 

Ex. 2. One root of the equation a;*— 5a:'+3a;+9=0 is 3. 
What are the other two ? 

aj*— 5a?'+3a:+9]a;— 3 

^— 3^ «"— 2a?— 3 

— 2a:'+3a: 
— 2a^+6a; 

— 3a;+9 
-3a;+9 

The equation a?*— 2ar— 3=0 contains the two required roots. 
Transposing and completing the square, «*— 2a;+ 1 = 4 
Extracting the square root, a:— l = ih2, ora:=rl±2 

Therefore the required roots are 3 and —1. 

Ex. 3. One root of the equation a'+Sa:*— 3a;— 7=0 is —1. 
What are the other two ? 

g'+5a:'-3a;-7| a?+l 

^+ ^ «»+4a:— 7 

4a:*— 3a: 
4a:'+4a? 
-7a;-7 

11 
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The equation a?-\-4x^*I=0 contains the required roots. 
Transposing and comp. the square, a^+4a;+4=7+4=ll 
Extracting the square root, a:+2=db'v/ll, or a:= — 2 ih %/ 1 1 
Therefore the required roots are — 2+ \/ll, and — 2— \/ll. 

Ex. 4. Two roots of the equation a?*— «'+2a:'— 14a?+ 12=0 
are 1 and 2. What are the other roots ? 

iC*— 0^+20?— Ux+12 [ a?— 2=lstDiv. 

^—2^ ic'+«»+4a:-6 = lst Quot 

o^+2a^ 



4a:*— 14a? 
4a:*— 8a? 



— 6a;+12 

— 6a?+12 



a?'+a:*+4a?— 6 ar— l=2d Div. 



^-^ a:"+2a?+6=2d Quot. 

2a;*+4a? 
23:*— 2a? 

6a:— 6. 
6a:-6 



The equation fl;'+2a:+6=0 contains the required roots. 
Trans, and comp. the square, a^+ 2a:+l =— 6+1 = — 5 

Extract, the square root, a:+ 1 = d= V^o, or a?= — 1 ih -/- 6 
Therefore the required roots are — 1 + V^— 5 and — 1 — V — 5. 

Ex. 6. Two roots of the equation a?*+a:'—7a:'—af+ 6=0 
are 1 and —3. What are the other roots? 
s^+ a?-1ixf—x+Q [ a:*+2ar— 8 
a?*+2a:»— 3a?» "^H^— 2 

— a?*— 4a:"— x 

— a:*- 2a^+3a? 



— 2a:»— 4a:+6 
— 2a:*— 4a:+6 



GENERAL PEOPKRTIES OF EQUATIONS. 



123 



(ar— 1) (a;+3)=a:^+2ar— 3 is the divisor; and the quotient 
placed equal to zero is the equation which contains the two re- 
quired roots. In this equation 

11 9 

Transposing and comp. the square, a;*— a?+ - = j +2= - 



Extracting the square root, 

Therefore the required roots are 2 and 



4 
IrfcS 



1 .3 
«— -=±-, or a:= ^ 

2 2 2 



Ex. 6. One root of the equation a?*— 2ar^+a:'— 5a;— 9=0 is 
—1. What is the equation containing the other roots ? 

a;4_2a:»+aj'— 5a:— 9 |a:+l 



— 3a:»+ a? 
— Sa:'— 3a;* 



a:*— 3a;"+4a:— 9 



4a:*— 5a; 
4a:*+4a: 

— 9a:— 9 

— 9a:— 9 

The equation a:*— So* + 4a:— 9=0 contains the other roots. 

Art. 542. Ex. 1. Form the equation whose roots are 1, 
-1, 2, -3. 

Since there are 4 roots the equation is biquadratic, and the 
law of coefficients (Art. 541) gives, 
-1 



.a:+6=0 



Or ty reduction, a:*+a:'—7a:'—a?+ 6=0 

The same equation may be formed by multiplying together 
the factors (a:— 1), {x+\), (a:— 2), (a:+3), as follows: (a:— 1) 
X(a:+l)=a:*-l (Art. 111). 

11 



-1 




+2 




+2 


+1 

-2 


-a* 


—3 

-2 


-a* 


-3 

+6 


+3 J 




+0 
-6 




-6 
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a-2 



01? ^x 

ar'-2:r"— a;+2 



iT*— 2a;*— X +2 

a? +3 

o;^— 2.'r'— a:*+2a; 

a?*+ «'— 7a:*— a;+6=0. -47i«. 



Ex. 2. Form the equation whose roots are 1, 2, —2, 3. 
Since there are 4 roots the equation is biquadratic, and the 



law of coefficients (Art. 641) gives, 
+2 



*• 



V^ 



+ 4 
— 6 
+ 6 
+ 12 



a:— 12=0 



-1 —2 

-2K +3 

+ 2 I -4 

-3 +6 

J 

Or by reduction, a;^— 4a;*— a:*+16a;— 12=0. 

This equation may be formed also by multiplying together 
the factors (a?— 1), (a;— 2), (a;+2), (a;— 3), as follows: (a;— 2) 
x(a;+2)=a:*-4 (Art. 111). 

a;*— 4 a;*— 3a;*— 4a; +12 

a;— 3 a; — 1 



a? —4a; 

— 3aP +12 

a;*— 3a;*— 4a;+12 



a;^— 3a;'— 4a;*+12a; 

— a;*+3a;*+ 4ar— 12 
a;"*— 4a;*— a;*+ 16a;— 12=0/ Ans, 



Ex. 3. Form the equation whose roots are —1, 2, —3. 

Since there are 3 roots the equation is a cubic equation, and 
the law of coefficients (Art. 541) gives, 

+n -2 1 

a" -2 >• a* +Z\ X —6=0 

+3) -6) 

Or by reduction, ir*+2a?— 5«— 6=0. 
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Ex. 4. Form the equation whose roots 


are 1,2,2, —2, —3. 


Since there are 


5 roots the equation is of the fifth degree, and 


the law of coefficients (Art. 541) gives, 






+2' 


— 4' 








+2 


+ 4 






-1^ 
-2 
«* -2 
+ 2 
+3, 


>^ 


—2 
-3 
+4 
-4 
-6 
-4 


+ c 

+ 4 

+ 8 
+ 12 


>^ 


- 8' 

— 12 
+ 12 
+ 12 
+24^ 


. a:- 24=0 




— 6 


— 12 








+Cj 


-12^ 






Or by 


reductiwi. 


a^-llic>+6a:'+28a;— 24=0. 



Art. 544. Ex. 2. Required the terms of the biquadratic 

equation in which ^i=l, ^j=39, ^,= — 89, and the product 

of all the roots, after their signs are changed, is —30. 

1 38 

^=-1, ^=__(_i+30)=- — =-19, 

(7= — i(-19-39-89)=-i(-14'?)=49. 
3 3 

Therefore the required equation is «*— a:*— 19a:*+49a:— 30=0. 

Art. 545. Ex. 1. Find the successive derived polynomials 
of r*— r*+2r+6. 

Multiply each term by the exponent of r in that term, and 
diminish the exponent by unity. 

jB'=3r*— 2r+2, -R''=6r— 2, jB'"=6. 



Ex. 2. Find the derived pol3momials of g^+22'— 62— 4. 

R' =42"+42— 6, jB'" =242, 

i2"=12«»+4, ^'"'=24. 

11* 
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Ex. 3. Find the derived polynomials of a:*— Sa?*— 3«"+5. 

22' =:6a^— 12ar'— 6a!, 22'" =60a:»— 72^, 

22"=20a:'— 36a?»— 6, 22""= 120a:- 72, 

22'""= 120. 

Ex. 4. Find the derived polynomials of «*— a;'+2a?'— 3a;+4. 
22' =4a:'-3aJ'+4a:-3, 22'" =24a:-6, 

22"=12a:«-6'a:+4, 22""= 24. 

Art. 546. Ex. 3. Find the equation whose roots are great- 
er by 2 than those of the equation a;^— 2a:'+5a?'+4a:— 8=0. 

Put y=zx+r. The condition y=a:— r, or x=r+y would 
give 

22 =r*— 2r'+5r?+4r— 8, ^" =12r*-12r+10, 

22'=4r»~6r«+10r+4, 22"'=24r-12, 

22""=24. 
And the given equation would be 

But this will also represent the required equation, if the sign 
of r is regarded as negative — that is, if the signs of the odd 
powers of r in the values of 22, 22', &c., be changed, leaking 
this change, and substituting for 22, 22', <&c., their values, 

(r^+2r'+5r'-4r— 8) + (— 4r»— 6r*— 10r+4)y+ 

(l2r«+12r+10)|'+(-24r-.12)|^ +24^=0. 

But r=2. Substituting for r its value, 

(16+16 + 20— 8-8) + (— 32-24— 20+4)y + 

(48+24 + 10)|V(-48-12)|l +24^=0. 

Reducing and writing in the usual way, 

y'-10y»+41y«-72y+36=0. 

Ex. 4. Find the equation whose roots are less by 1 than 
those of the equation «*+3«' -7«*+«+12=0. 
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Put y^x-^r. Then a?=r+y, and by substitution the given 
equation will become 

R+B'y+R"t +i2"'^ +i2""_|!_, &c.=0. 

But, by Art. 545, 

R =r*+3r3-7r'+r+12, R" =60r»+18, 

R' =5r*+9r2— 14r+l, R"" =120r, 

i2"=20r»+18r-14, :R'""=120. 

Substituting these values of R, R', &c., in the above equation, 
(r»+3r'-V+r4-12) + (5r^+9r«-14r+l)y + (20r'+ * 

18r~14)| + (60.^+18)|l+120r^+120^=0. 

But r=l. Subst. and writing the equation in the usual way, 
y*+5y^+13y»+12y«+y+10=0. 

Ex, 5. Find the equation whose roots are greater by 1 than 
those of the equation :r^— 5a;*— 6a:~2=0. 

Put y=x+r. The condition y=x — r, or xz=y+r would 
give for the derived polynomials, 

R =r^— 5r*— 6r-2, ^" =12r«— 10, 

i2'=:4r»-10r-6, i2'"=24r. 

-R""=24. 
And the given equation would become 

But this will also represent the required equation, if the sign of 
r is regarded as negative — that is, if the signs of the odd pow- 
ers of r, in the values of R, R\ d^c, be changed. Making this 
change, and substituting for R, R\ <fec., their values, 

(r^— 5r*+6r— 2) + (— 4r'+10r— 6)y + (12r«— 10) 

v' v' v^ 

tL+24r~ +24-5— =0. 
2^ 2.3^ 2.3.4 

But r=l. Substituting this value of r, and reducing and 

writing the equation in the usual way, 

y'-4y»+y«=0. 

11* 
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Since the known term in this last equation equals zero, at least 
one of the roots must be equal to zero : for the known term 
equals the product of all the roots after their signs have been 
changed. Then it may be shown, as in the Algebra, that the 
roots of the original equation are —1, —1, l + \/3, 1 — v^3. 

Art. 547. Ex. 3. Divide 2a;*— 5a?»— 14a:— 20 by a?— 1. 
ABODE 
2 0—5 —14 —20 
2 2 — 3 —17 

2 —3 —17 —37 

B' C D' J£" 

Substituting these values of A, B\ C\ &c., in the expression 
for the quotient of the general equation of the fourth degree 
divided by a:— a, which is 

Ax'+B'x'+C'x+D'+ ^' 



We have, 2a;'+ 2a;'— 3a?— 1 7 ■ 



X'-a 
37 
x—l' 



Ex. 4. Divide Sa:'- 5a:'+10a;— 12 by a;+2. 

6 — 5 10 —12 
10 —30 80^ 

— 15 40 —92 

A B' C B' 

The general expression for the quotient of an equation of the 

B' 

third degree divided by a: 4-2 is A3?-\-B'x'\' (7'-| . 

x-\-a, 

Substituting for a, A^ B\ <fec., their values, we have, 

92 

5a:'-15a;+40 -. 

a;-f-2 

Ex. 5. Divide a;*— Saj^-ear*- ar+l by a?+l. 

1-5—6 —1 1 
1 —6 -1 

—6 0—1 2 

A B' C D' E' F' 
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The general expression for the quotienLof an equation of the 
fifth degree divided by ar-|-a is 

x+a 
Substituting for a, A, B\ &c., their values, vie have, 

x-\-l 

Art. 548. Ex. 4. Diminish by .02 the roots of the equa- 
tion 2a:*— a:'— 10a:+12 = 0. 

Here the coefficients are 2, —1, 0, —10, 12 ; and the pro- 
cess is as follows : 
2—1 -10 12 

.04 —.0192 — .000384 -.20000768 
— .96 -.0192 —10.000384 11.79999232=:lstRem. 
.04 —.0184 .000752 



— .92 —.0376 — 10.001136=:2dRem. 
.04 —.0176 



.88 — .0552=3d Rem. 
.04 



— .84= 4th Rem. 

Using the several remainders as the Rule directs, the required 
equation is found to be, 

2y*— .84/— .0552y'— 10.001136y-|-11.79999232=0. 

Ex. 5. Diminish by .03 the roots of the equation 

4x^-',S6a^+,08X'{-2.15=0, 
Here the coefficients are 4, —.36, .08, 2.15 ; and the pro- 
cess is as follows : 

4 —.36 .08 2.15 

.12 —.0072 .002184 



— .24 .0728 2.152 184 = 1st Rem. 

.12 —.0036 

—.12 .0092 = 2dRem. 

.12 

=3d Rem. 
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Arranging the several remainders, which are the coeflBicients 
of the required equation, as the Rule directs, and the result is 
4y^+.0692y+2.152184==0. 

Article 549. Example 1. 

Transform ic*— 6a;^+7=0 into an equation whose second 
term is wanting. 

-Let x=^y =y+-=:y+2. 

m 3 

Subst. this value of x in the given equation, 

(y+2)^-6(y+2)«+7=0 

Expanding, y'+6y'+12y+8—6y*—24y— 24+7=0 

Reducing, y'— 1 2y — 9 = 0. 

Example 2. 

Transform a^'+Sa:*— 3a;— 1=0 into an equation whose second 
term is wanting. 

Let a?=y--=y--=y-l. 
m o 

Subst. for X in the given equation, 

(y-l)^+3(y-l)2-3(y-l)-l=0 

Expanding, y'— 3^+3^— 1+3^*— 6y+3— 3y+3— 1=0 

Reducing, y'— 6y+4=0. 

Example 3. 

Transform a:^— Sa;*— 5a;-|-12=0 into an equation whoso sec- 
ond term is wanting. 

A 8 

Let a;=y— — =y+j=y+2. 

Subst. for X in the given equation, 

(y+2)^-8(y+2)'-5(y+2)+12=0 
Expandmg, 3^+8^^+24^2+32^+ 

16-8y^— 48y*— 9r6y-64-5y-10 + 12=0 
Reducing, y'— 24y'--69y— 46=0. 
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Example 4. 

Transform a^+20a^+2a?'--3a?— 24=0 into an equation whose 

second term is wanting. 

T * ^ 20 ^ 

Let a;=y--=y-_=y-4. 
m 5 

Substituting, 

(y-4y+20(y-4)^+2(y-4)»-3(y-4)-24=0 

Expanding, 

y*— 20y*+160y'— 640y*+1280y— 1024+20y*— 3203^+ 

1920y'— 5120y+6120+2y»— 16y+32— 3y+12— 24=0 

Reducing, y*— 160y»+1282y*— 3869y+4116=0. 

Article 550. Example 1. 

The roots of the equation si^+4s?+x—6=0 are 1, —2, —3. 
What are those of the equation ic*— 4a;'+a:+G=0 ? 

Changing the signs of the given roots, we have —1, 2, 3, 
which are the roots of the second equation. 

Proof. By Art. 541, 



+6=0 





Which is the second ^ven equation; and hence —1, 2, 3 are 
its roots. 

Example 2. 

The roots of the equation a;^— 40:*— 7«*+34a?— 24=0 are 1, 
2, —3, 4. What are those of the equation 

a?*+4a:'— 7a?»-34a:-24=0 ? 

Changing the signs of the given roots, we have —1, —2, 3, 
—4, which are the roots of the second equation. 

Proof. Multiply together the factors {x+l), (jj+2), («— 3), 
(j;+4), and the product will be the second given equation, if 
— 1, —2, 3, —4, are its roots. 
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x+1 








x+2 








««+ X 








+2X+2 








ix^+3x +2 








x-S 








a^+dz'+2x 








-SaP-dx 


-6 






x'-^lx 


-6 






X 


-f4 






x' 


-7a:«- 


- 6a? 




+ix^ 




-28x- 


-24 



a^+4a;'— 7a;*— 34a;— 24=0 
The last product is the second given equation, and hence 

— 1, —2, 3, —4 are its roots. 

Ex. 3. The roots of the equation a;*+4a;'+3a;*— 4a;— 4=0 
are 1, —1, —2, —2. What are those of the equation 
a;^-4a;3+3a;'+4a;— 4=0 ? 

Changing the signs of the given roots, we have —1, 1, 2, 2, 
which are the roots of the second given equation. 

Proof. Multiply together the factors {x+1), (a;— 1), (a;— 2), 
(a;— 2), and the product will be the second given equation, if 

— 1, 1, 2, 2, are its roots. 

Ex. 4. The roots of the equation a;'— 7a;+6=0 are 1, 2, 
—3. What is the equation whose roots are —1, —2, 3 ? 

Change the sign of the known term in the given equation, 
and the result will be the required equation. 

Proof, If this result is the required equation, it will be 
equal, to the product of (a;+ 1) x (a;+2) x (a;— 3). 

Art. 552. Ex. 2. What value of x will make the firft term 
of the polynomial «*— lla:*— 10a;— 9 greater than the sum of 
all the other terms ? 
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Here the largest coefficient is 11. Increasing this by 1, we 
have 12 for the required value of a?. 

Ex. 3. What value of x will make the first term of the po- 
lynomial a?*+'7a;'+6»'— '7a;+5 greater than the sum of all the 
rest? 

Here the largest coefficient is 7. Increasing this by 1, we 
have 8 for the required value of x. 

Art. 553. Ex. 1. What is the integral part of a root of 
the equation ar*— '^^r'+Sa:— 4=0 ? 

The proper course to be taken in problems of this sort, un- 
less we can at once approximate to the result by inspection, is 
to suppose various values of x and substitute them in the given 
equation, until two contiguous numbers are found which give 
results with contrary signs. One root at least will be com- 
prised between these numbers. 

Leta:=I Then, 1— 7+ 3-4<0 

" a:=3 " 8— 28+ 6 — 4<0 

" a?=5 " 125— 1'75 + 15-4<0 

" x=z1 " 343— 343 + 21— 4>0 

" a:=6 " 216-252 + 18-4<0 

Tlie numbers 6 and 7 when substituted for .x give results 

with contrary signs. Hence there is a root comprised between 

them, and its integral part is 6. 

Ex. 2. Find the integral parts of two roots of the equation 
a?^—12a:'— 20a:'— 36=0. 
Let a?= 1 Then 1— 12— 20— 36<0 

" a?= 3 " 81— 324— 180— 36<0 

" x= 5 " 625— 1500— 600— 36<0 

" xz=i 1 " 2401— 4116— 980— 36<0 

" «= 9 " 6561— 8'748-1620-36<0 

" a?=ll " 14641 — 15972— 2420-36<0 

" a?=13 " 28561-26364-3380— 36<0 

« XczzU " 38416-32928— 3920— 36>0 

12 
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The numbers 13 and 14 when substituted for x give results 
with contrary signs. JEence there is a root of the equation 
comprised between them, and its integral part is 13. 

Let x= — l Then 1+ 12- 20-36<0 

" ar= — 2 " 16+ 96— 80— 36<0 

« a;=— 3 " 81+324— 180 — 36>0 

Therefore there is a root of the equation comprbed between 
the numbers —2 and —3, and its integral part is —2. 

Ex. 3. Find the integral parts of two roots of the equation, 
x^^4a^+5a^—2x—6=z0 

Let x=i 1 Then 1—4+5 — 2— 6<0 

" a:=-l " l+4+5+2-6>0 

Therefore there is a root between 1 and — 1, and its integral 
part must be 0. 

Let x=2 Then 16- 32+20-4-6<0 

" x=zS " 81 — 108+45 — 6 — 6>0 

Hence there is a root between 2 and 3, and its integral part 
is 2. 

Ex. 4. Find the integral part of a root of the equation 

Let a:= — 1 Then — 1— 1+'7>0 
" «= — 2 " -8— 4+'7<0 

Hence there is a root of the equation between —1 and —2, 
and its integral part is —1. 

Art. 558. Ex. 1. Find the cubic equation of which two 
of the roots are 1 and 3 + V— 2. 

The other root must be 3— V—2, and the reqmred equation 
equals the product of the factors 

(a:-3- V^), (a:-3 + -v/~2), (a;-l). 

Now «— 3— -v/^=a;— 3— >/2X'/^ 
And X'-S+V^=x—B'\-y/2xV^ 
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a:— 3 - y/^xV'^ 
g-S + v/2X'v/^ 

«*— 3a: — a;\/2 X V^^ 

+Xy/2 X V^— 3 n/2 X 'v/^--2 X —1 

«»-6fl?+ll 
ar— 1 



«*— 6a:*+lla: 
«. a^+ 6ar-ll 



a:*— 7a:*+l7a;— ll = 0=The required equation. 

Ex. 2. One root of the equation a;'— a:*+2=0 is —1. 
What are the other roots ? 

Divide the given equation by («+l), and the quotient will 
contain the two required roots. 

Q?— a:'+2| a?+l 

^+ g* «*— 2a?+2=0. This contains the other roots. 
— 2a:»+2 
—2a:'— 2a; 

2a:+2 
2a:+2 

Trans, and completing the square, a:*- 2a: +1 = — 2+1 = — 1 
Extract, the square root, a:— l = d=V— 1, ora:i=ld=V— 1 
Therefore the required roots are 1 + */— 1 and 1— V— 1. 

Ex. 3. Two roots of the equation a:*— 23:*+ 2a:' + 2a:— 3=0 
are 1 and —1. What are the other roots ? 

Divide the equation by (a:— 1) x (a:+l) and the quotient will 
contain the required roots. 

a^-2a:*+2a:'+2a:-3 [ a:*-! 

^ "- ^ a:*- 2a:+3=0 

— 2a:'+3a:'+2a: 
— 2a:» +2a? 



33:"- 3 
3a:*— 3 



12 
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Trans, and comp. the square, i:'--2x+l=— 3+1 =— 2 

Extract the square root, jr— l=db\/— 2, or jr=ldbi/— 2. 
Therefore the required roots are 1 + V— 2 and 1— V— 2. 

Ex. 4. Find the cubic equation of which two of the roots 
are —2 and 2— i/^. 

The remaining root is 2+l/— 1, and the required equation 
is equal to the product of the factors 

(ar-2+V^=^). {x-2-V^), (z+2). 

«— 2 + -v/^ 
JT— 2 — V^ 
i:"— 2a: +xV^^ 
— 2a: — 2-/^+4 

— a;V^^+2\/^-fl 

«*— 4a: +5 
a? +2 



a:*— 4a;*+5a: 
+2g»— 8a;+10 

«*--2a:»— 3ar+10=0. Arts. 

Art. 560. Ex. 3. The equation a;*— 5a^+4=0 has four 
real roots. How many of them are positive ? 

The equation cannot have more than two positive roots, since 
it has only two variations. And as the whole number of real 
roots is four, there cannot be less than two negative roots. If 
now we supply the places of the deficient terms with ±0, the 
equation becomes 

Here in either case the equation has two permanences, and hence 
cannot have more than two negative roots. Therefore it has 
two positive roots. 

Ex. 4. The equation a^— ar*— 5a^— a?+6=0 has three real 
roots. How many of them are positive ? 
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The equation cannot have more than two positive roots, since 
it has only two variations. And as the whole number of real 
roots is three, there must be at least one negative root. If now 
we supply the place of the absent term with +0, the equation 
becomes 

in which there is only one permanence. And hence it appears 
that there cannot be more than one negative root. Therefore 
there are two positive roots. 

Art. 662. Ex. 1. What are the equal roots of the equation 

ar^+3a:<-a;»-'7ic«+4=0 (1) 

The derived polynomial of the first member is 

da^+Ua^Sai^-'Ux (2) 

To find the greatest common divisor of (1) and (2), multiply 
(1) by 5, and divide the product by (2). 

Sar'+lSa^— 5a:*— 35a:'+20 \ 5x* +123^—33* ^Ux 
5a:*+12a;^— 3a^— 14a:' "^ 

3a;*— 23:*— 21a:"+20=lst Rem. 
Multiply (2) by 3 and divide by the 1st Rem. 

15^+S6s^— 9a;«-42a; [ 3a;*-2a;*-21g»+20 

15a;*-10a:^-105a;« +100 5 

463:*+ 96a:'— 42a;— 100=2d Rem. 
Divide this by 2, and multiply the 1st Rem. by 23. 

69a;*— 46a;'- 483a:' +460 [ 23a;'+48a;'— 21a;-50 
69a;*+144a;'— 63a;'— 150ag ^^ 

— 190a;'— 420a;'+150a;+460=3d Rem. 
Change the signs of this remainder and divide by 10, and mul- 
tiply the last divisor by 19. 

43'7a:'+912a:'— 399a:— 950 I 19a:'+42a:'— 15a;— 4 6 
48'7a:»+966a:'— 345a:— 1058 " 23 

— 54a;'— 64a;+ 108=4th Rem. 
Change the signs of this remainder and divide by 64. 

12* 
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IlMxcliDre(ji'+x~2)kthegRatfetc9QBMn£Tisorof(1^ 

In order to solre the cquliaB x'+x— 3=0, 
TnBL and f«M|4p<ing the apnc, x'+x+^=2^=| 
Extnctii^ tlie sqnase root» x-f-^=::t:§, and x=l or —2. 

ThcRlbre x'+x~S = (x— 1) (x-f2); and hence, hj the 
pieeedii^ theofem, the ongiaal eqpatian contains the &ctors 
(x— 1), (x+2), each raised to the second power: that is, the 
equation has two roots eqfoal to 1, and two others eqoal to —2. 
Divide the fiist membo- of the giren etptataon by (x— l)'x 
(x+2)«. 

x»-f 2^— 3je'~4i;'+4x ' ,^i 

j?*+2x»— Sj;*— 4x+4 
j?*+2x»— 3j:*— 4x+4 



Therdbie, by Art 538, ~1 is the fiAh root of the equation. 

Ex. 2. Find the equal and unequal roots of the equation 

x»+4x*— 14a;*— I7x— 6=0. (1) 

The derived polynomial of the first member is 

SJ^+iex*— 28x— 17 (2) 

To find the greatest common divisor of (1) and (2), multiply 
(1) by 5, and divide by (2). 

5i^+20a;*— 70j^-85x— 30 | 5a^+16a:»— 28x— 17 
Say'+lO a?*— 28a;*— 17x ^ 

4a^— 42a;*— 68ar— 30=lst Rem. 
Divide this by 2, and multiply (2) by 2. 

10aJ*+ 323;*— 56x ^ 34 | 2a;*— 213:*— 3 4x— 15 
lOa;^- 105a;* - 170 a;- 75 I 

82a;»+10oa;'4-lHx+41=2d Rem. 
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Multiply the last divisor by 16, and divide by 2d Rem. 
32a^—336a:»— 544a; —240 | 32a:'+105g*+114a?+41 
32a^+105ar»+114a:'+ 41a? ^ 

— lOSa:*— 450a:»— 585ar— 240=3d Rem. 
Divide this by —15, and multiply the last divisor by 7. 
224a;'+'735a:»+ '79r8a;+287 [ 7a:'+30a:'+39a;+16 
224a:'+ 960g*+1248ar+512 32 

— 225a:*— 450a;— 225=4th Rem. 
Divide this by - 225. 

'7a;'+30a;*+39a;+16 [ a;*+2a;+l 
7a;»+14a;'+ ^x 7a;+10 

16a;"+32a;+16 
16a;'+32a;+16 

Therefore (a;'+2a;+l) is the greatest common divisor of (1) 
and (2). 

It is evident that a;*+2a;+l=(a;+l)x(a;+l); and hence, 
by the preceding theorem, the original equation contsuns the 
factor (a;4-l) raised to the third power: that is, the equation 
has three roots, each equal to —1. 

Divide the first member of the given equation by (a;+l)'. 
a;*+4a;*-14a;'-l'7a; -6 [ a;'+3a;'+3a;+l = (a;+l)^ 
a;^+3a;^+ 33;^+ ^ a;*+a;— 6 

7^— 3a;'-15a;'-l7a; 
a;^+ 3a;^+ 3a;*+ a; 

— Ga;*— ISar*- 18a;— 6 

- ea;'- 183;*- 18a;-6 

The equation a;'+a;— 6=0 contains the remaining roots. 
Trans, and completing the square, a;* 4*^+} = 6 +}= V 

Extracting the square root, a;+^==tf, and a;=2 or —3 

Therefore the roots of the given equation are —1, —1, —1, 
2, -3. 

Ex. 3. Find the roots of the equation 

a;»+a;^-14a;'+26a;*-19a;+5=0. (1) 

12* 
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The deriTed polynomial of the first member is 

6J^+4-t*— 42i'+52z— 19 (2) 

To find the greatest common divisor of (1) and (2), multiplj 
(1) by 5, and divide by (2). 
5x*+6a;^-70i»+130a;*-95ar+25 i 5a^+4i:»-423c'+52ag-19 

a?"— 284^+ 78jc»— 76ar+25=lstRem. 

Sa^-h 4«»— 42jc*+ 52:r— 19 | a^— 283='+78j'-'76jg4-25 
53:^— 140a:^+390g»— 380ar+125 5 

144«»— 432aj»+432a:— 144=2d Rem. 
Divide this by 144. 

a^— 28x»+78a;*— '?6x+25 | a:'--3a:'+3g--l 

— 25a:'+'75a:'— 75ar+25 
— 25a:^+T5a:*— ?5a:+25 

Therefore (a:*— 3aj*+3ar--l) b the greatest common measure 
of (1) and (2). 

Now it is obvious that (a:*— 33:*+ 3a:— 1) is equal to (a:— 1)' ; 
and hence by the preceding theorem the origin^ equation con- 
tains the factor (a:— 1) raised to the fourth power; that is, the 
equation has four roots each equal to 1. 

Divide the first member of the equation by (a;— 1)*. 
ix^+ a?*— 14a:'+26a:'— 19a;4-5 | 3i*—4a ^'\-6a^—4X'\-l= ('!''iy. 
aJ^4a^4. ea:^— 4s?+ x ^^ 

5a:*— 20a:'+30a:*— 20ar+5 
5a?^— 20a:'-f-30a:'— 20a;-f-5 

Therefore, by Art. 538, —5 is the fifth root of the equation. 

Ex. 4. Find the roots of the equation 

a;«+2ar^-12a:*— 14a:»+47a:'-hl2a:— 36=0 (l) 
The derived polynomial of the first member is 

6a:*+10a:*— 48«»— 42a:«+94x-hl2 (2) 
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To find the greatest cammon divisor of (1) and (2), multiply 
(1) by 3, and divide (2) by 2, and then proceed as the rule di- 
rects. 
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Now 3^—l = (x+l)x{x'-l); and therefore, by Art. 538, 

1 and — 1 are the remaining roots of the equation. 

NoTS.'—In tho foregoing examples the process for obtaining the greatest common 
measure might have been different The division is not carried as far as possible, bat 
the remainder after one term of each qnotient is obtained is in each case made a new 
divisor. This is done, not to shorten the solntlona, but for convenience of notation, 
and greater uniformity in tlie work. 
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Storm's Theorem. 

Art. 666. Ex. 2. How many real roots has the equation 
2aj'+2a;*— 8a;— 7=0? 

Liet the first member be denoted by X, and its derived poly- 
nomial by X' : then X'=Qa?+Ax-%. 

To find JT", multiply Xhy 3, and divide the quotient by X\ 

6ir'+6a;*-24a:-21 [ ga:'+4ar— 8 
63:*+ 4a :'— 8a; ^^i 

2a;*— 16a;— 21 
Multiply the remainder by 3, and divide again. 
6a;*— 48a;— 63 
6a;*+ 4a;— 8 

— 52a;— 55 Therefore -r"=:52a;+55. 
Divide X' by 2, multiply the quotient by 52, and divide 
the product by X". 

156a;*+104a;-208 | 52a;4-55 
156a;'-fl65a; 3a;-61 

— 61a;-208 
Multiply the remainder by 52, and divide again. 
— 31'72a;-10816 
— 31'72a;— 3355 

— 7461 Therefore -r'"= +7461. 
The remainder of the solution is given in the Algebra. 

Ex. 3. How many real roots has the equation 
a;*+4a;*+a;"— 16a;-18=0? 

Let the first member be denoted by X, and its derived poly- 
nomial by X' : then X'=4a;'+12a;"+2a;-16. 

To find -T", multiply X by 2, divide -T' by 2, and divide 
the product by the quotient. 
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2a?*+8a:*+2a:"— 32a:— 36 [ 2a^+6a^'\-x-S 

' 2a:'+ «*— 24a;— 36 
2:^+6^-f_^— 8 

— Sa;*- 25a;— 28 Therefore-X'"=5a:*+25ar+28. 
To find X'", multiply the last divisor by 5, and divide by X". 
10a:'+30a;'+ 5a;— 40 j_5^+25^+28 
10^M-50^+ 56x 2a;— 4 

— 20a;»— 51a;— 40 
— 20a;»— 100a;— 112 

49ar+ 72 Therefore Jr'" =— 49a;— 72. 
To find -T"", multiply X" by 49, and divide by JT'". 
246a;*+1225a;+1372 | —49a;— 72 

245a;'+ 360a; -"5^865 

865a;+1372 
Multiply this remainder by 49, and carry out the (^yi^^n. 

42385a;+67228 
42385a;+62280 

4948 Therefore jr""= -4948. 
The remainder of the solution is given in the Algebra. 

Ex. 4. How many real roots has the equation 

a;*+3a;'+7a;+4=0 ? 
Let the first member by denoted by X, and its derived' poly- 
nomial by X' : then -r'=:3a;«+6a;+7. 

To find -T", multiply Xby 3, and divide by X\ 
8a:»4-9a^+2la;+12 | 3a;'+0a;+7 
3a;'+6a;'+ 7a; a-J-i 

3a;'+14a;+12 
8a;'+ 6a?+ 7 

8a;+ 6 Therefore -r"=— 8a;— &. 
To find X'", muldply X' by 8, and divide by X'^ 
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24x^+48x+56 I —83 ?— 5 

24s^+Ux 1.3a:-33 

33a?+56 
Multiply this remainder by 8, and divide again. 
264ar+448 
2C4ar4-165 

283 Therefore -r'"= — 283. 
Collecting the values of X, X\ &c. 

JT =a:'+3a:«-f '7ar+4, X" =~8a?-5, 

jr'=3a:*+6a;+7 jr'"=-283. 

When ar= — 00 the series of signs is — h H — giving 2 variations. 

" ie= 00 " " + -I "1 " 

" ar=: " " ++ " 1 " 

Therefore the equation has only 1 real root, and its value b 
between and —1. 

Ex. 5. How many real roots has the equation 

a;^— 4a:^— 8a?— 4=0? 
In this problem jr'=4a;'— 8a:— 8. 
To find X", divide JT' by 4, and divide X by the quotient. 

a?*_4a:«— 8a:— 4 J_^— 2^— 2_ 
a» — zar "^ za: /» 

— 2a:''— 6a:— 4 Therefore -r"=2a:»+6a;+4. 
To find X"\ divide X' by 4, and X" by 2, and then divide 
the first quotient by the second. 

a:'— 2a;— 2 [ ^^+33:4-2 

a:'4'3a:'+2a: 3.^3 

— 3ic»-4a:— 2 
—3a:'— 9a:— 6 

5a;+4 Therefore jr'"= — 5a:— 4. 
To find X"", divide X" by 2, multiply it by 5, and then di- 
vide by X'". 

13 
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dx^+Ux+IOl — 5ar— 4 
5x*+ 4x 



—a;— 11 

lla:+10 
Multiply this remainder by 5, and divide again. 
65a:+50 
55a?+44 

6 Therefore -r""=— 6. 

Collecting the values of X, X\ &c. 
X =a^— 4a;^— 8a:— 4 
X' =a:'-2a;— 2=(4a,-'-8a;-8)-T-4 
X" =a:'+3a?+2 = (2a:"+6ar+4)-r2 
X'"=-5a:-4 
X""=— 6 

When a?= — 00 the series of signs is H I-H — giving 3 varia's. 



« X— 00 




+ + + " 


1 « 


" X— 




1 " 


2 " 


" X— 1 




4. « 


2 " 


" x:=z 2 




- + + " 


2 " 


" «= 3 




+ + + " 


1 " 


« a:=— 1 




H--db + ~ " 


3 " 


Therefore the equation has two real roots ; a positive one 


between 2 and 3, and a 


negative one between and 


-1. 



Ex. 6. How many real roots has the equation 

2a;'— 5a?--8=0? 
In this problem -X''=Ca;*— 6. 
To find X", multiply JT by 3, and divide by X\ 

ea:*— 16a;— 24|^^— 5 

ea;*— 6a? y, 

— 10a;- 24 
Divide this remainder by 2 ; then -X'"=oar+ 12. 
To find X'", multiply X' by 6, and divide by X' 
303;*- 25 | 6a;+12 
303;*+ 723? 6a;— 72 

—72a;— 25 
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Multiply this remainder by 5, and divide again. 
—360a:— 125 
— 360a;— 864 

1B9 Therefore X '"= - 739. 

Collecting the values of X, X\ &c. 

X =2«'— 6a:— 8, X" =5a:+12, 

jr'=6a;«-5, Jr'"=-739. 

When a;= — oo the series of signs is — | giving 2 variations. 





a:= 


00 




a:= 







a:= 


1 




x=. 


2 




x=. 


3 



+ ++- 

- + + - 

- + + - 
+ ++- 



Therefore the equation has only one real root, and its value 
is between 2 and 3. 

Ex. 7, How many real roots has the equation 

a^_'7a:S-2a?+2=0? 
In this problem X'=2ar^-'7a?-l=(4a:»-14a;-2)-h2: 
To find X'', multiply X by 2, and divide by X\ 
2a:^— 14a:*-4a:+4 |^£— Y«— 1 
2a:^— ^Q^— X X 

- Ya:'-3a;+4 Therefore X" ='?«»+ 3a:- 4. 
To find X'", multiply X' by 7, and divide by X". 
143:"- 49a:— 7 [ 7a:'+3a:— 4 
14a:'+ 6a:^— 8a; 2a;— 6 

— 6a:»— 41a:— 7 
Multiply this remainder by 7, and divide again. 

— 42a:«— 287a:— 49 
— 42a:^— 18a;+24 

— 269a:— 73 Therefore X'"=269a;+73. 
To find X"", multiply X" by 269, and divide by X'". 

1883a:^+807a:— 1076 | 269a;+73 

1883a:*+511a; 7a:+74 

l?96a:-1076 
13 
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Divide this remainder by 4, multiply it by 269, and carry out 
the division. 

19906a:— 72361 

19906a:+ 6402 



Therefore X""=: 77763. 



— 77763 
Collecting the values of X, X\ &c. 
X =0^*— 7a:"— 2a:+2, 
jr'=2a:'-7a;-l, 

X""==77763. 
When x=z — oo the series of signs is H 1 h giving 4 varia's. 



X" =7a:"+3a?-4, 
X'"=269a:+73, 



x= 
x= 
x= 
x= 

X=z 

x= — l 
a;=-2 
a:=— 3 



+ +H- + + 

+ + + 

+ + + 

- + + + + 
+ + + + + 

+ - + - + 




2 

1 
1 

3 
3 
4 



Therefore the equation has" four real roots; of which one is 
between and 1, another between 2 and 3, a third between 
and —1, and a fourth between —2 and —3. 



ElimiiLatioii. 

Art. 667. Ex. 2. Eliminate x from the equations 
a:»+y-l=0 (1) 

2ary— y— 1=0 (2) 

Multiply (1) by 2y, and divide by (2). 

2ya:"+2y"-2y [ 2ya;— y— 1 

2ya:"--(y+l> a:+(y+l) 

(y+l)a;+2y«— 2y 
Multiply this remainder by 2y, and divide again. 
2ary(y+l) +42^-43^ 
2xy(y-hl) -(y+1)' 
(y+l)«+43r'-4y« 
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Now this remainder does not contain x, and therefore uniting 
terms, we have, 

^y*— 3y*+2y+l=0. Ans, 

Ex. 3. Eliminate x from the equations 

2a^— ay+y»— 1=0 (1) 

aj'-iry+y*-l=0 (2) 

2a:*— xy*+ y*— 1 I a:*— ajy+y*— 1 
2^—2^ +23^ —2 2 

(2y--/)a;— 2y'+y'+l = lst Rem. 
Multiply the last divisor by (2y— y*), and divide by 1st Rem. 

(2y-y«)ar»-(2y»-y«>c+2y»-y«-.23/+y» | (2y-y^ar-(2yi-y»)+l 

(2y-y«)gV-(2y»— y*)a>fa; ^_i 

-.ar+2y*-y*-2y+y' 
Multiply by (2y— y*), and divide again. 
-(2y-y')^+(2y -y') (2/-y*-2y+y') 
-(2y-y')^+(2y'-y^)-l 

(Sy-y*) (2y'-y*-2y+y»)-(2y*-y»)+l=2d Rem. 
Now this remainder does not contain x ; therefore expanding, 
we have, 

y«-4y*+3y+5y'-6y»+l=0. Ans. 

Ex. 4. Eliminate x from the equations 

aj>+y»— a=0 (1) 

a^+xy+f^b=0 (2) 

af+y* —a I a:*+a:y+y'— 6 



— a^'y— a^+6a:+ y*— a 

— a:*y— ay — y' +^ 

6aj+2y'— 6y— -a=lst Rem. 
Multiply the last divisor by b, and divide by 1st Rem. 

ba^+hxy+by^'-b* \ &a;+2y»— 5y— a 

6a:»-6ay+2a;y»-aa; x+{2by-2f+a) 

(26y-2y'+a)a:+V-^' 
13* 
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Multiply this remainder by b, and divide again. 

6(25y-2y'+a)aj+6y— 5» I 

6(26y-2y»+a)a;+(26y~ 23^+0) (2y'-6y-g) | 

-(26y-2y+a) (2y»-6y-a)+6y-6» 
Expanding and arranging according to the powers of y, we 
obtam 

4y»— 65^— 4ay+3ft"y»+3aJy+a*— 6*=0. Ans. 

Ex. 5. Eliminate x from the equations 

a!"+ay— 6=0 (1) 

y'+ca?— (^=0 (2) 

Multiply (1) by c, and divide by (2). 
ca^+acy—bc | cx+y^^d 



ca^+xf—dx x+{d—j/^) 

{d^i^)x+acy-'bc 
Multiply this remainder by c, and divide again. 
(cd--ct^)x+a(^y—b<^ 
{cd^cy')x+dy'-y'-^d'+dy' 



^dy^+y'+d'-dy'+a^y^bi^ 
And uniting terms, y^— 2(fy"+ac"y+(P— ftc*=0. Ans. 

Ex. 6. Eliminate x and y from the equations 
ay— 2— 10=0 (1) 

«z-y+ll=0 (2) 

y2— ir+14=0 (3) 

Multiplying (1) by z, xyzs^'-lOz=0 (4) 

(2) - y, ay«-.y'+lly=0 (6) 

Subtracting (6) from (4), . y*— 2"— 10«— lly=0 (6) 
Multiplying (3) by z, y^"— a»+14«=0 (I) 

Adding (2) and (7), y2«-y+142+ll=0 (8) 

To eliminate y from (6) and (8), multiply (6) by (2*— 1), and 
divide the product by (8). 

y(y-ll) (2«-l)-(2*+10«) (2»-l) | y(g«-l)+14g-fll 

y(y-ll) (g«^l)+(l4g+ll) (y-11) (y^n) +(14^5+11) 

-(142+11) (y-ll)-(2;»+102) (2»-l) 
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Multiply this remainder by — (2*— 1), and divide again. 
y(142+ll) (2*-l)-ll(14«+ll) (2«-l)+(2«+l02) (2*-l)* 

y(14g-f 11) (V— 1)+ (14g+ll)' 

— (142+11)'-11(142+11) (2«^i)+(2«+l02) (2*— 1)' 
Expanding, uniting terms, and dividing by z, we obtain 
2;*+102f*-2g»-1742*-.3162;— 144=0. Ans. 

Ex. 7. Eliminate x and y from the equations 
x+xy^a=iQ (1) 

y+yz-.h=0 (2) 

z+zx—c=zO (3) 

Multiply (1) by 2, and divide the product by (3). 
xz{l+y)^az \xz+z—c 

a»(l+y)+(l+y)(g-c) (1+y) 

— (1+y) (2— c)— 02 
Therefore a new equation which does not contain x is 
cy—zy—z+c—az=0 (4) 

To eliminate y, combine (4) with (2) by multiplying (4) by 
(1 +«), and dividing by (2). 

y{c-z) {l+z)+{c'-z) {l+z)-^az{\-hz) | y(l+g)-6 

y(c~2)(l+2)~&(c-^2) (c-2) . 

5(c-2)+(c— 2) (1+2) -02(1 +2) 
Or, bc—hz+c+cz—z—z^—az—a^ 

And collecting the coefficients of the several powers of e, 
and miiltiplying by —1, 

(a+l)2*+(a+5— c+l)2— c(6+l)=0. Ans. 

Ex. 8. Eliminate x and y from the equations 

y{x+y'-z)=a (1) 

«(y+^— «)=* (2) 

x{z+x—y)=c (3) 

Multiplying (2) by x, xyz+xs?'-a^z—hx=0 (4) 

" (3) " z, '-xyz+xs^+x'z—cz=0 (6) 

Adding (4) and (6), 2xs^—bx^cz=:0 (6) 

13 / 
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RESOLUTION OP EQUATIONS. 

Art. 570. Ex. 3. Find the roots of the equation 
a;<— 30a:'+869a;— 30=0. 

Here the divisors of the last term are 1, —1, 2, —2, 3, —3, 
6, —5, &c. Upon trial it is found that none of these fulfil the 
equations of condition, except ~5. For this number the said 
equations become 

— 5 —5 

Therefore —6 is a root of the given equation, and the next 
lower equation is 

The divisors of the last term of this equation, except 6 and 
—6, have been already tried, and found not to be roots of the 
given equation. It remains, therefore, only to try 6 and —6. 
For 6, the equations of condition become 

6 6 6 

Therefore 6 is a root of the given equation, and the next lower 
equation is 

re*— 29ar+l=0. 

Now, according to the Rule given on page 57, the values of 
X in this equation are 

—44-841 29=fc\/837 



'=f^</=^=i**^ 



Therefore the roots of the given equation are 
-5, 6, i(29±v/837). 

Ex. 4. Find the roots of the equation 

a;*— 2a^— 40«'— 10a;*+279a?+252=0. 
The divisors of the last term are 1, —1, 2, —2, 3, —3, 4, 
—4, 6, — 6, <fec. For —1, the equations of condition become 
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—2—1 =— 3 279-27=252 

—40+3 = — 37 252 — 252=0 

— 10+37=27 
Therefore —1 is a root of the equation, and the next lower 
equation is 

a:*— 3«'— 37a:*+27a;+262=0. 

Upon trial it is found that 1, 2, —2, are not roots of the 
equation. But if we try 3, we obtain 

3 3 3 3 

Therefore 3 is one of the required roots, and the next lower 
equation is 

igs -.37a;— 84=0. 

For —3 the equations of condition become 

— 3 —3 —3 

Therefore —3 is one of the required roots, and the next lower 
equation is 

a^— 3a;— 28=0. 

According to the Rule given on page 57, 

3 . i/o« . 9 3 . ./112+9 3 .11 ^ 

a;=-=ti/ 28+-7 = -dby _i_ == _ d: --- = 7 or —4 

2 '^ 4 2 '^ 4 2 2 

Therefore the required roots are —1, 3, —3, —4, 7. 

Ex. 5. Find the roots of the equation 

a;«— 8a;*+6a;*+61a;'— eOar*- 116a;+80=0. 

The divisors of the last term are 1, —1, 2, —2, 4, —4, &c. ' 
Of these 1 and — 1 are found upon trial not to be roots. Try- 
ing 2, we obtain _ 

80 ^^ -60—38 ,^ 6 + 6 

- = 40 =-49 . -Y-=6 

-116+40^^ 61-49 Il!±6^^, 

2 2 2 

Hence 2 is a root, and the next lower equation is 
a:«— 6a;*— 6a!'+49a;*+38a;— 40=0. 
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Trying —2 by the preceding rule, we obtain, 

-40 ^^ 49-29 ,^ —6+8 

—2 —2 

Hence —2 is a root, and the next lower equation is 

«*— 8««+10a:«+29ar--20=0. 

The divisors 2 and —2 are found unsatbfactory, but 4 gives 

—20 29—5 ^ 10+6 ^ -8+4 

^- = -5 -^=6 -^-=4 —^- = -1 

Therefore 4 is a root, and the next lower equation is 

0?*— 4a:'— 6a?+5=0. 
For the divisor 5, the successive quotients are 

6 6 6 

Hence 6 is a root, and the next equation is aj*+a?— 1=0. 
According to the Rule given on page 57, we have 

2 ^ 4 2 '^ 4 2 

— 1±\/5 
And the roots of the given equation are 2, —2, 4, 6, . 

Ex. 6. Find the roots of the equation 

^ a.7_«8— 14««+14«*+49a^— 49a:*— 36a;+36=0. 
For the divisor 1 the equations of condition become 

— 1+1=0 49+0=49 —36+0=— 36 

—14+0= — 14 —49+49=0 36—36=0 

14—14=0 
Therefore 1 is a root, and the next lower equation is 

«•— 14a?'+49a:"-36=0. 
Trying 1 again, we obtain 

0+1=1 0-13 = -13 0+36=36 

—14+1 = — 13 49—13=36 —36+36=0 . 

Therefore a second root equals 1, and the next lower equation is 
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Here 1 being THed again is found unsatisfactory, but — 1 gives 
the following, 

1 — 1=0 —13+13=0 36-36=0 

— 13—0= — 13 86-0=30 

Therefore — 1 is a rpot, and the next lower equation is 

ic^-13a^+36=0. 
Finding the value of 7^ in this equation by the Rule given on 
page 67, 

Extracting the square root, a?=db3, and a;=db2. 
And the required roots are 1, 1, —1, 3, —3, 2, —2. 

Ex. 7. Find the roots of the equation 

a?^+4«'—36a:'— 37a?— 40=0. 

The divisors of the last term are 1, — 1, 2, —2, 4, —4, 6, 

&c. Upon trying these successively they all fail to answer the 

conditions of a root, until 5 is reached, which gives 

-40 ^ —37 — 8 ^ —36—9 ^ 4-9 

= —8 — = — 9 =—9 —-— = — 1 

5 5 5 5 

Therefore 5 is a root, and the next lower equation is 

a:»+9a:'+9a:+8=0. 
The divisors of 8 have been tried already, except 8 and —8. 
For —8 the equations of condition become 

8 __^ 9-1 ^ 9-1 



— 8 —8 —8 

- 8 is proved to be a root, and the next lower equation is 
a:*+a;+l=0. 



.^ 1 . i/ , . 1 -ldb-/-3 
p. 67, a:= - -±|/ - 1 +-= 



By the Rule given on p. ^ . , „ ^ ^ _ 

And the roots of the given equation are 

6, -8, 2 ' 2 • 
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Ex. 8. Find the roots of the equation 

ar'—32a:'4-6a^+l75ar— 150=0. 
Trying the divisor 1, the equations of condition become 

0+1 = 1 6-31 = — 25 —150+150=0 

—32 + 1 = — 31 175-26=150 

Therefore 1 is a root, and the next lower equation is 
a^+oj*— 31a^— 25aj+150=0 
Here 1 and — 1 when tried are found to fail. But 2 gives 

2 2 2 2 

Hence 2 also is a root, and the next lower equation is 
ar'+Sa^— 25a;— 75=0. 
For the divisor —3 the equations of condition are 

—3 —3 —3 

— 3 is a root, and the next lower equation is a:*— 25=0. 
Transposing and extracting the square root, x=z db5. 
And the roots of the given equation are 1, 2, —3, 5, —5. 



Approximation by Double iPositioiL 

Art. 572. Ex. 2. What are the roots of the equation 

a^-8a:*+4a:+48=0? 
Let 4.1 and 4.2 be the assumed numbers. 

Then (4.1)'— 8(4.1)"+4(4.1)+48=lst error ) 

Or 68.921-134.48+16.4 + 48 = — 1.159 f 

Also (4.2)*-8(4.2)*+4(4.2)+48=2d error \ 

Or 74.088— 141.12+16.8+48 = -2.232 J 

Difference of errors= — 2.232— (—1.159) = — 1.073. 

Therefore, —1.073 : 0.1 : : —1.159 : 0.108, the correctioiL 

4.1— .108=3.992. Let a?=3.99 or 3.98. 

Then (3.99)'— 8(3.99)*+4(3.99)+48 = 1st error ) 

Or 63.6212 — 127.3608+16.96+48=0.1204 f 

14 
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Also (3.98)»-8(3.98)*+4(3.98)+48=2d error ) 

Or 63.0448— 126.'7232 + 16.92+48=0.2416 ) 

Diflference of error8=0.2416—0.1204=0.1212. 
Therefore, 0.1212 : 0.01 : : 0.1204 : .01, the correction. 
3.99 +.01 =4, which satisfies the equation and is a root. 
To find the remaining roots, divide the first member of the 
given equation by (a?— 4). 

(a:»— 8a^+4a;4-48)~(.r— 4)=(a^-4a;~12) 
This quotient placed equal to zero is the equation which contains 
the required roots. But in this equation, by the Rule given on 
page 57, 

a;==2±V4-12-h4=2db4=6 or —2. 
Therefore the roots of the given equation are —2, 4, 6. 

Elx. 3. What are the roots of the equation 

aj*— 16a:*+65a;— 50=0. 
Let 5.1 and 5.2 be the assumed numbers. 

Then (5.1)'— 16(5.1)»+65(5.1)— 50=lst error 



] 



Also (5.2y-16(5.2)"+65(5.2)— 50=2d error ) 

Or 140.608— 432.64+338— 50=— 4.032 f 

Difference df errors=— 4.032— (—2.009)=- 2.023. 

Therefore, —2.023 : 0.1 : : —2.009 : 0.099, the correction 

5.1—0.099=5.001. Let a;=6.001 or 5.002. 

Then (6.001)*-16(5.001)*+65(5.001)— 50=lst error ) 

Or 125.0*75— 400.16+325.065 — 50=— 0.02 f 

Also (5.002)»-16(5.002)»+65(5.002)-50=2d error i 

Or 125.15— 400.32+325.13— 50=-0.04 ) 

Difference of errors =— 0.04— (—0.02)=— 0.02. 

Therefore, —0.02 : 0.001 : : —0.02 : 0.001, the correction. 

5.001—0.001=5, which satisfies the eqiiation, and is a root. 

(«*- 16«*+65«— 60)-r-(a;— 6)=a^— 11«+10=0. 

The last equation contains the remaining roots. Finding the 
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value of X in this equation by the Rule given on page 51, we 
have, 

2 ^ \2/ 2 ^ 4 22 

And the roots of the given equation are 1, 6, 10. 



Ex. 4. What are the roots of the equation 
a:'+2a!"— 33«=90? 
Transpose 90, and suppose one of the roots to be 6.1 or 6.2. 
Then (6.1)'+2(6.1)'— 33(6.1)— 90=lst error ] 
Or 226.981+74.42—201.3-90=10.101 

Also (6.2y+2(6.2)*-33(6.2)— 90=2d error 1 
Or 238.328+'?'6.88— 204.6— 90=20.608 

Difference of errors =20.608— 10.101=10.607. 
Therefore, 10.607 : 0.1 : : 10.101 : 0.096, the correction. 

6.1—0.096=6.004. Let a?=6.004 or 6.005. 
Then (6.004)»+2(6.004)*— 33(6.004)-90=lst error ) 
Or 216.432+72.096—198.132—90=0.396 ) 

Also (6.006)*+2(6.006)*-33(6.005)— 90=2d error ) 
Or 216.64+72.12 — 198.166—90=0.496 ) 

Difference of errors =0.496—0.396=0.099. 

Therefore, 0.099 : 0.001 : : 0.396 : 0.004, the correction. 

6.004—0.004=6, which satisfies the equation, and is a root. 

(a^+2a!"-33a:— 90)-r(«— 6)=a:«+8a:+16 

This quotient equated with zero is the equation which contains 

the remaining roots. But from this equation, by the Rule given 

on page 67, we have, 

a:=-4±V-15+16=— 4dbl = -6 or -3. 
Therefore the roots of the given equation are —3, —6, 6. 

Ex. 6. What is a near value of one of the roots of tJiO 
equation 

«»+9;c*+4a?=80? 
Transpose 80, and suppose one of the roots to be 2.6 or 2.6. 

14 
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Then (2.6)'+9(2.6)"+4(2.5)-80=lst error j 



I 
Or 15.625+56.254-10—80=1.875 J 

Also (2.6)'+9(2.6)»+4(2.6)— 80=2d error i 

Or 17.5*76+60.84 + 10.4—80=8.816 ) 

Difference of errors =8.816—1.875=6.941. 

Therefore, 6.941 : 0.1 : : 1.875 : 0.027, the correction. 

And 2.5- 0.027=2.473. Let a:= 2.473 or 2.474. 

Then (2.473)»+9(2.473)"+4(2.473)—80=lst error ) 

Or 15.124198+55.041561+9.892—80=0.057759 ) 

Also (2.474)*+9(2.474)»+4(2.474)-80=2d error i 

Or 15.142552 + 55.086084+9.896—80=0.124636 f 

Difference of errors =0.124636—0.057759=0.066877 
Therefore, 

0.066877 : 0.001 : : 0.057759 : 0.00086, tne correction. 

And 2.473—0.00086=2.47214. 

Substituting this number for x in the given equation, we have 

(2.47214)'+9(2.47214)*+4(2.47214)—80=the error. 

Or 15.108424+55.003285+9.88856—80=0.000269. 
The error is very small, and hence 2.47214 isa near value of 
one of the roots. 

Ex. 6. What is a near value of one of the roots of the 
equation 

a:»+«*+a;=100? 

Transpose 100, and suppose one of the roots to be 4.3 or 4.4. 
Then (4.3)»+(4.3)»+(4.3)-100=lst error ) 
Or 79.507+18.49+4.3-100=2.297 ) 
Also (4.4)»+(4.4)'+(4.4)-100=2d error i 
Or 85.184+19.36+4.4-100=8.944 - f 
Difference of errors =8.944—2.297=6.647. 
Therefore, 6.647 : 0.1 : : 2.297 : 0.035 nearly. 
And 4.3—0.035=4.265. Let ar= 4.265 or 4.266. 



Then (4.265)*+(4.265)*+(4.265)-100=lst error 
Or 77.581309 + 18.190225+4.265—100=0.036584 



1 
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Also (4.266)»+(4.266)*+(4.266)-100=2d error ) 
Or '77.636893+18.198756+4.266—100=0.100649 ) 
Difference of errors =0.100649—0.036634=0.064115. 
Therefore, 

0.064115 : 0.001 : : 0.036534 : 0.00057, the correction. 
And 4.265-0.00057=4.26443. 
Substituting this number for x in the given equation, we have, 
(4.26443)»+(4.26443)'+(4.26443)—100=the error. 
77.550208+18.185363+4.26443—100=0.000001 nearly. 
The error is very small, and hence 4.26443 is a near value of 
one of the roots of the equation. 



Newton's Method. 

Ex. 2. What is a near value of one of the roots of the 
equation % 

«'+10a;'+5a;=2600. 

Let x^zr—z. 
Then, (r— 2f)»+10(r-2)"+5(r— 2)=2600 

Expanding, 

r»—3r»2f+3r2*—2*+10r*—20r2+102*+5r— 52=2600 
Rejecting the terms which contain g* and «*, we have 

r'—3r»2+10r»—20r2+5r— 62=2600 
^. , ^ . 2600-5r— lOr*— r* 

This reduced gives 2= — _g_2ar-3r' ' 

Assuming r=ll, then 

2600-55-1210-1331 4 ^ ^_^ 

2= = =—0.0068. 

-5-220-363 -588 

And ar=r— 2=11— (—0.0068)=11.0068, which is nearly one 

of the roots of the equation. 

Ex. 3. What are the roots of the equation 
aj»+2«*— lla:=12? 
Let x=r—z, then (r— 2)*+2(r— 2y-ll(r— 2)=12. 
Expand. f»— 3A+3rz«— 2"+2r*— 4r2+22"— llr+ll2=12 

14* 
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Rejecting the terms which contain ^ and ^t 

r»-3f*2+2f*-4r2-llr+ll0=12 

m,. . :. . 12+llr-2r»-r» 

This reduced gives g= ii-4r~3i^ 

12+44—32—64 —40 ^ . ^ . 
Letr=4.then .= .^t____=__=o.75 + 

And a;=:r— «=4— O.Y5 +=3.25 nearly. 

Again, assume r=3.25, and substitute, 

12+36.'76-21.126-34.328126 -Y.Y03125 ^ „^ , 

Z-=, — — ^ Z — =0.23 nearly 

11 — 1.3—31.6876 —33.6875 

And a;=r— 2=3.25— 0.23=3.02 

Now let r be placed equal to 3.02, and substitute, 

12 + 33.22 — 18.2408-27.543608 —0.664408 ^ - „e.«^ 

11 — 12.08—27.3612 —28.4412 . '^• 

And a;=r— 2=3.02-0.02=3 

. . ,, 12+33-18-27- 

Assume r=3, then 2= —^^,^^--^— = 32^ =0. 

There is no correction, and hence 3 is a root. 
To obtain the other roots, divide (a^+2a:'— 11a?— 12) by {^—'^). 
and equate the quotient with zero. 

(a^+2a:«-lla?-12)+(a?— 3)=a:'+6a?+4=0 
Now, by the Rule given on page 57, the roots of this equation 
are 

5-i-4/~r. 25 5.4/9 -6±3 

.r=--=hf-4 + - = --=hf- = — ^— =-4or-I. 

And the roots of the given equation are —1, 3, —4. 

Ex. 4. What are the roots of the equation 
a;^+4a^-7a:'-34ir=24? 
Let a:=r— 2, then (r— 2y+4(r— 2)'— 7(r— «)'- 34(r— 2)=24 
Expanding, r^— 4r»2+ 6r*2«— 4/^*+2*+4r»— 1 2r*2 + 1 2r«»— 

42»-7r'+14/^— 72*-34r+342=24 
Rejecting the terms which contain powers of 2, 

r<— 4)^g+4r»— I2r»2— 7r'+14r«— 34r+342=24 
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This reduced gives z= ^, . , ^ —— , — ■—;- 

® 344-14r—12r*— 4r* 

Assume r=4, 

^ 24+136 + 112-256-266 -240 ^ ^^ . 

Then 2= ■ = =0.67+ 

34+66 — 192—256 -368 ^ 

And a?=r— 2=4— 0.67=3.33. Again, let r=3.33, then 
24+113.22+77.6223 — 147.704148—122.96370321 
^"^ 34+46.62—133.0668—147.704148 

— 66.82666121 ^ ^ 
= — ::7:;rr77:;rnr =0.28 nearly. 
—200.160948 ^ 

And a;=r— 2=3.33— 0.28=3.05. 
Now let r equal this corrected value of x ; then 

_ 24+108.7+66.1175 — 113.4905—86.6 3660625 
^"" 34+42.7-111.63—113.4905 

—7.20960626 ^^ 
= -148.4206 =Q'Q5^^^^y- 
Hence a:=r— 2=3.05-0.05=3 

« XI. 24+102+63-108-81 

Assume r=3, then 2= — ^^ . ^^ — —r- — — = = 

34+42 — 108—108 —140 

There is no correction, and hence 3 is a root. In the given 

equation transpose 24, and divide the first member by (a?-^3) 

(a^+4«'-7«'— 34a?— 24)-r(«— 3)=a^+7a:»+14a:+8=0 

Substitute r^z for x, and the equation becomes 

(r-2y+7(r-2)«+14(r-2)+8=0 

Expanding, 

^-.3y»2+3nj«-^>+V—14r2+72»+14r- 142+8=0 

Rejecting the terms which contain 2* and z\ 

r»-3r»2+7r»—14nej+14r— 142+8=0 

™ . , , . 8+14r+7r*+r» 

This reduced gives 2= , , . , , — . ^ , 
® 14+14r+3r' 

8-'^0+l76-126 -12 
Suppose r= -6, then z= u^>jo+l5 ~ = TF" = "^'^^ 

And xz^r-'Z^ —6— (—0.63)=— 4.37. Again, let r=— 4.37, 
8— 61.18+133.6783— 83.453463 _ —2.956163 _ 
'^"" 14-61.18+57.2907 " 10.1107 "" d^j. 

14* 
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Hence a:=r-«=— 4.87-(— 0.3)=-4.07. 
Suppose. r= — 4.07, 

_ 8— 56.98 + 115.9543 — 67.419143 --0.444843 

^■^ 14-56.98+49.6947 " 6.7147 " ne«iy. 

And a:=r— 2=-4.07— (-0.07)=— 4. Letr=— 4, 
8—56 + 112—64 ^ 

Z:=z ■ =-=0 

14—66 + 48 6 

Therefore —4 is a root. To obtwn the two remaining roots,- di- 
vide (a^+7a:* + 14ir+8) by (a;+4). The quotient is a;'+3a?+2, 
and if placed equal to zero will give the required values of x. 
By the Rule given on page 67, 

-3dbl 



2 ^ ^4 2^4 

Therefore the required roots are —1, —2, 3, —4. 



^ =-2or — 1. 
2 



Homer's Method. 

Ex. 9. Find the roots of the equation «*+5«'+7ir— 47=0. 
If we represent the first member by X, and its derived poly- 
nomial by X', we have 

X'=3«'+10«+7 
To find X", multiply Xby 3, and divide by X', 
3a^+15a:*+21a:-141 I 3a:'+10a;+7 

3a^+10g»+ 1x a.^.5 

5ir"+14a;— 141 
Multiply this remainder by 3, and divide again. 
15a:»+42a?— 423 
15a:'+50a;+ 36 

— 8ir— 458 
Divide this remsdnder by 2 ; then X"=4a;+229 
To find X'", multiply X' by 4, and divide by X". 
12a:"+ 40a;+28 I 4a;+229 
12g'+687a; 8x-647 

-647a;+28 
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Multiply this remainder by 4, and divide again. 



— 2588a?+ 112 

— 2688a;— 1481 Of] 



148275 And X'"= — 148275 

Collecting the values of X, X\ <fec. 

X =a:»+5a:"+7a:-47, X" =4a;+229, 

X'=3««+10ir+'7, X'"= -148275. 

When x=: — oo the series of signs is — | giving 2 variations. 



«= 


00 


a;= 


1 


«= 


2 


a:= 


3 



+ + + - 


it 


1 


- + +" 


« 


2 


- + +- 


« 


2 


+ + + - 


« 


1 



Therefore the equation has only one real root, and its value is 
between 2 and 3. 

The process for obtaining this root is as follows. The work, 
after the fifth transformation, is given in an abridged form. 



5 

7 
9 

ill 

111 

112 
,113 

1132 

1134 
,1136 

11363 

11366 
411369 

113698 

113706 
,113714 

1137143 

113714 
611371 

1137 

113 
7II3 



4 

21 
,39 

4011 
,4123 

414564 
8416832 

41717289 
441751387 

4176048284 
,4176957932 

417699204629 
641770261606 

41770272978 
74177028435 

4177028889 

417702934 



-47(2.12383140 
1-5 
8-989 
,-159872 
4—34720133 
5—1311746728 
6-58649114113 
7-16878841135 
— 170725576 



170725576 



417702934 



= 40872486+ 



ic=2.1238314040872486. Ana 
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Ex. 10. Find the roots of the equation 

«"+3a:"+5ir— 1881'7180276781'70.433=0. 
If Sturm's Theorem is applied, we have 

X =ic»+3«*4-5a:— a, X" = — 4ir+6 

X'=3a:«+6x+5, X'"=-c. 

Here a, b, and c represent known quantities. 
When x= — oo the series of signs is — h H — giving 2 variations. 

" X= 00 " " ++ " 1 

Therefore two of the roots are imaginary. The first figure 
of the real root might be found by Sturm's Theorem ; but this 
would render necessary the long operation of finding the values 
of a, b, and c in the expressions given above. To find the first 
figure by trial would be tedious also ; but the latter process 
may be rendered simple by putting a?=100000y. 

'^''^ ^= p4of "^^ ^= (lo^- 

DiWde the given equation by (100000)^ and substitute. 
y»+0.00003y*+0.0000000006y— 1.8817180275'78170433=0 

Now if y be placed equal to 1 and 2 successively, the first 
member of the equation will give results with contrary signs. 
Therefore 1 is the first figure of the root. 

To find the remaining figures, proceed as follows. 

1 .00003 .0000000005 — 1.881718027678170433(1.2346 

10000300005 1—881688027078170433 

,-163674826978170433 

a- 208056399631 70433 

^—2591440281170433 

—306343628420433 



100003 
200003 

i300003 
320003 
340003 

,360003 
363003 
366003 

,369003 
369403 
369803 

4370203 
370253 
370303 



,30000600006 
36400660005 

,43200720005 
44289729005 

,45387738005 
45535499205 

445683420405 
45701933055 
4572044«206 



306343628, &c. 



45720448205 



=67 



y=1.234667, and a?=123456.7. Ans. 
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Ex. 11. Find the roots of the equation 

aj'—27a;--36=0. 
Upon trial (Art. 553), it is found that the equation has a 
negative root between —1 and —2. Putting ±0 for the ab- 
sent term, and changmg the signs of the alternate terms, we 
have a new equation, 

a^±0— 27x+36=0, 
which has a positive root equal to the negative root of the 
original equation. This positive root is found as follows. 



±0 


-27 


36(1.445 


1 


-26 


ilO 


2 


, — 24 


s944 


i3 


— 2264 


. ,105984 


34 


,—2112 


42196125 


38 


— 209504 




,42 


,— 207792 




424 


— 20757575 


2196125 


428 


4—20735925 


20736926 


,432 






4325 






4330 




«= 1.445106 



Therefore —1.445106 is a root of the given equation. It is 
now required to reduce this equation to a quadratic equation 
which shall contain the remaining roots. By Art. 541 the co- 
efficient of the second term of any equation is equal to the sum 
of all the roots with their signs changed, and the known term 
is the product of all the roots after their signs have been 
changed. Therefore if the coefficient of the second term of the 
given equation (the place of the absent term being supplied by 
dbO) be diminished by the root found, with its sign changed, 
and the known term be divided by the same, the results will 
be, respectively, the coefficient of the second term and the 
known term of the required quadratic equation. 

±0—1.445106 = — 1.445106 
And — 36-7-1.445106=- 24.911667 

«»-1.445106a?-24.911667=0 
This contains the other roots. By the Rule given on page 57, 
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ar=0.722563ifc V24.911667+(0.722653)*=0.722663 

db:'v/24.911667+0.522082837809=0.'722563±6.043188 

=5.766741 or —4.320635. 



Ex. 12. Find the roots of the equation 

a?'-8169.6a:'— 8169.5a:-8l70.5=0. 
Let 1000y=:ir; then (1000)y=a:*, and (1000)y=«'. 
Divide the given equation by (1000)^ and substitute. 
y'—8.1696y'—0.0081695y— 0.0000081705=0. 
Now it is evident by inspection that one root of this equation 
is between 8 and 9. To find this root, proceed as follows. 

1 -8.1695 —0.0081695 —0.0000081705(8.1705 
— 13641695 
,612798305 

628728805 
,644759305 

656099655 

667489005 



1—109133641705 

,-46260761206 

8—333785355 



— 1695 
78305 
,158305 
159305 
160305 
,161305 
162005 
162705 

Now to obtain the quadratic equation which oontMns the re- 
maining roots, apply the method described in the solution of 
the last example. The result will be 

3i^+x+ 1=0. But by the Rule given on page 57, 



y=8.l705, and ir=8l70.5 



2 ^ ^4 2^4 2 2^^ 

And the required roots are 

8170.5. -i + lV=3,-i-i>/33. 



Ex. 13. Find the roots of the equation 
«"— 484476471864=0. 

The first figure of the root is readily found by the Rule for 
extracting the cube root of numbers. Then the operation is as 
follows. 
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1 





-484476471864(7854 


1 


49 


,-141476471864 


u 


Ml 


,-9924471864 


|21 


16444 


739846864 


218 


,18252 




226 


1836925 




,234 


,1848675 


. 


2345 


184961716 


ic=7854 


2360 






,2355 







23554 



The other roots are imaginary. 



Ex. 14. Find the roots of the equation 

a:'+««+ir— 13099751099=0. 
If Sturm's Theorem is applied, we have 

X =za^+ix^+x-a, X" =-4a?+6 

X'=Zx^+2x+l, -r'"=-c. 

Here a, 6, and c represent known quantities. 
When «= — c» the series of signs is — h H — giving 2 variations. 

" ar= 00 " " +H "1 " 

Therefore two of the roots are imaginary. To find the real root. 

Let 1000y=a;; then (1000)y=a^, and (1000)y=a:». 
Divide the given equation by (1000)', and substitute. 

y'+O.OOly'H-O.OOOOOly— 13.099751099=0. 
The first figure of the root is evidently 2. To find the remain- 
ing figures proceed as follows. 



0.001 


0.000001 


-13.099751099(2.357 


2001 


4002001 


,-5095749099 


4001 


,12004001 


,-927458799 


,6001 


13894301 


,-116351249 


6301 


,15874601 




6601 


16222151 




,6901 


,16572201 




6951 


16621607 




7001 






,7051 




y=2.357, and a?=2357. 


7058 







15 
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Ex. 15. Find the roots of the equation 

a/^+53i^+4a^+Sx- 105=0. 
Here, in order to apply Sturm's. Theorem, we obtain 

X =a^+5«'+4a:"+3a?-105, X" =43a:'+4a?+1695, 
X'^ix'+lba^+Sx+S, -r'"=2909«+11048, 
-X'""=— 19463518839. 
When x= — oo the series of signs is H 1 giving 2 variat's. 



" x= 


00 ' 


++++-" 1 " 


" a:= 


1 


" -+++- " 2 " 


" X=z 


2 


" -+++-" 2 " 


« x= 


3 


" ++++~ " 1 " 


" «=- 


-1 


" -+++-" 2 " 


" a?=- 


-3 


" -+++- " 2 " 


" a?=- 


-5 


" + " 2 '• 


" x=- 


-6 


+-+ " 8 " 


Hence there are two real roots : a positive one between 2 and 


3, and a negative one 


between —6 and —5. 


To find the positive 


\ root, proceed as follows. The work is 


presented in an abrid§ 


red form. 


1 6 


4 


8 -106(2.2178888 


7 


18 


89 -27 


9 


86 


111 -28744 


11 


68 


128128 -100986219 


13 


6064 


186792 -46782667079 


182 


6382 


186468781 -68617468808969 


184 


6604 


187116944 -1219004388804 


186 


661781 


137682804708 —11426290962 


138 


668163 


188049844262 -877729160 


1881 


664646 


188069869160847 


1882 


66661629 


1380898968168 


1888 


66648607 


1380918980697 


1884 


66746634 


188098400886 


18847 


66749694 


49 13809398491 


18864 


66763866 


18809446898 877729160 ^^.^^^ 


18861 


66768016 


1880946224 1380946768 "" ^^^^^^ 


18868 


6676848 


1880946768 


188683 


667668 




18868 


667698 




1886 


66769 




188 


667 




188 


667 


a; =2.2178388278629 


18 
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To find the negative root, change the signs of the alternate 
terms, and we shall have a new equation, which contains a ^ 
positive root equal to the negative root of the original equation. 
This positive root is found as follows. 



-5 


4 


-3 -105(5.1166 





4 


17 -20 


6 


29 


162 —29949 


10 


79 


170051 —120398859 


16 


8051 


178254 -121381496064 


151 


8203 


179091141 —127872863082864 


152 


8356 


179929824 


153 


837141 


180434516666 


164 


838683 


180939763684 


1641 


840226 


180990349592866 


1542 


84115276 


181040941169184 


1643 


84207988 




1544 


84300736 


127872863082 ^^^^^ 


16446 


8431001476 


181040941169 


15462 


8431929388 




16458 




.r=5.116670632 


15464 






154646 




Therefore —5.116670632 


154652 




is a root of the s^iven equation. 



Ex. 16. Find the roots of the equation 

aJ^— 80a^+1998a:»-14937a?+5000=0. 

By trial, according to the property stated in Art. 663, one 
root is found to exist between and 1. To find this root apply 
Homer's method. The work is given below in an abridged form. 



-80 

-797 

-794 

-791 

-788 

-7876 

-7870 

-7866 

-7860 

-786 

-786 

-786 

-78 

-78 



1998 

197409 

196027 

192664 

19226026 

19186676 

19147360 

1914664 

191468 

19146 

19146 

1914 



-14987 

-14844788 

-13769692 

-13663661876 

-13667628600 

-136669068 

-136641822 

-13664029 

— 18668876 9666916 



6000(36098 
6966681 
1839000626 
118069147 
9666916 



= 70468 



18668876 



a; = 0.8609870468 



15 
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By trifd another root is found to lie between 12 and 13. To 


find this root proceed as 


follows. 


1 -80 


1998 - 


14937 6000(12766 


-70 


1298 


-1957 -14570 


-60 


698 


6023 —4036 


-60 


198 


6267 —2986669 


—40 


122 


6367 —3406869376 


—38 


60 


6339063 —2336693612704 


-36 


-18 


6296132 


-34 


-3991 


6291946126 


-32 


-6133 


6287687500 


—313 


—8226 


6287166706216 


-306 


— 837176 


6286634868864 


-299 


—861726 




-292 


-866250 




-2916 


-86798964 
-86972892 


23365936 _..,« 


—2910 


6286634868 


— 2906 






-2900 






-28994 




ic=12.7664418 


-28988 







Two values of x have now been obtained, and the given 
equation may be reduced to a quadratic equation which con- 
tains the remaining roots. Thus, for the reason stated in the 
solution of Ex. 11, we have 

(—12.7664418— 0.3609870)= — 13.1074288 
And —80— (—13.1074288) =— 66.8926712. 
Also, 6000-7- 12.7664418 X 0.3609870=6000-7-4.4773452= 
1116.7331929. 
Therefore a;*- 66.89257l2a:-|-1116.7331929=0 
is the equation which contains the remaining roots. 
Now, by the Rule given on page 67, we have 
«=:33.4462866±V — 1116.7331929+(33.4462856)« 

e=83.4462866±V— 1116.7331929 + 1118.66402043676736 
=33.4462866:±:1.3869309=34.8322166 or 32.0603547 

f 0.3609870 
32 0603547 
84.8822165 
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Ex. 17. Find the roots of the equation 

a^— 19«'+123a^— 302a?+200=0. 

Upon trial one of the roots is found to be 4. Then 

(a:*— 19a:'+123a:«— 302a:+200)-r(a:— 4)=a:'— 16a:'+63a:— 60=0 

is the equation which contains the other roots. By trial the 

integral figure of one of these roots is found to be 1 ; and by 

Homer's Method we have 



-15 


63 


—50(102804 


— 14 


4^ 


— 1 


— 13 


36 


-284792 


-12 


357604 


-1386048 


-1198 


855212 




— 1196 


35425744 




— 1194 • 


35330352 




-11932 




«= 1.02804 


-11924 







To reduce the cubic equation to a quadratic, divide —50 by 
— 1.02804, and subtract —1.02804 from —15; the quotient 
b the known term, and the remainder the coefficient of the sec- 
ond term of the new equation. Hence we have 
ir*— 13.97l96a;+48.63624=0. 
And, by the Rule given on page 57, 

ic=6.98598=t \/— 48.63624+(6.98598)' 
=6.98598±-/— 48.63624+48.80391656 
=6.98598±0.40948=7.39546 or 6.57650. 

11.02804 
4.00000 
6 576'0 
7.39546 

Ex. 18. Find the roots of the equation 

«»— 7a^+15a:«— 58«»+44a?-3005=:0. 
To find the number of real roots, apply Sturm's Theorem. 
Let X represent the first member of the given equation, and 
X* its derived polynomial ; then 

15* 
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To find X", multiply X by 5, and divide by X\ 

The fii-st remainder is —7a;^+ 30^:^—1740:"+ 176a:— 1600 
Mdtiply this by 6, and divide again. 

The remainder is —46a:'— 555a:'+68a:— 7192 
Therefore X"=46a:'+555a:*-68a:+7l92 
To find X'", multiply X' by 46, and divide by X". 

1st Rem.=—4063a:'+2410a:*— 41296+2024 
Multiply this by 46, and divide again. 

2dRem.=2365825a:'— 2176900a:+29314200 
^ow as the operation is continued, it is found that the coef- 
ficients are constantly becoming larger and the multiplications 
longer. To shorten the process, divide the last remainder by 
10000, and neglect the decimal figures. • 

Then X'"=-236a:»+2 17a: -2931 
To find X"", multiply X" by 236, and divide by X'". 
1st Rem. = 140962a:«—150874a;+ 1697312 
Or, neglecting the last three figures, 141a:*— 161a:+ 1697. 
liiultiply this by 236, and divide again. 

2d Rem.=— 5039a:— 12779 
Or, dividing by 100, X""=50a:+128 
To find X'"", multiply X'" by 50, and divide by X"". 

1st Rem.=41058a:— 146550 
Neglect the last three figures, multiply by 50, and divide again. 

2d Rem.=- 12648, and X'""= 12648 
Collecting the values of X, X', <kc. 

X =ar*— 7a:^+16a:'— 58a:'+44a:— 300, 
X' =5a:*— 28a:'+45a:'— 116a:+44, 
X" =46a:'+556a:'-68a:+7l92, 
X'" = — 236a:"+2l7a:-2931, 
X""=50a:+128, X'""=12648. 

When a:=: — c» the series of signs is — | h giv*g 3 varia's. 

" x= 00 « " +-I-+ — + + « 2 " 

Hence there is only one real root. By trial the first figiu*e 
of tliis root is found to be 6. Find the remaining figures by 
Homer's method, as follows. 
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1 -7 


15 


-58 


44 -800)6.119 


-1 


9 


-4 


20 -180 


6 


89 


230 


1400 —8119069 


11 


106 


860 


14880981 -168150994649 


17 


207 


880931 


16788025 -868075948280401 


23 


20931 


902094 


168756905861 


231 


21163 


923490 


169683728406 


2S2 


21396 


925656851 


1605224835735611 


233 


21600 


927823064 


1618630018297606 


234 


2165351 


929993110 




236 


2167703 


931960187279 




2851 


2170066 


983909178566 




2362 


2172410 




86807694_ 
161868 


2363 


217453081 




2364 


217665143 






2365 








28569 




« = 6.119588 


28568 









Note.— The method of finding X"" and X'"", pursued in 
the solution of Ex. 18, is not strictly accurate. It may be used 
Bometunes to abridge the labor of multiplication, though always 
with care that the sign of the first term of X", X'", <fec., b€ 
not changed by neglecting part of the coefficients. 



APPLICATION OF ALGEBRA TO GEOMETRT. 

PftOB. 10. Let ABC be the proposed triangle, CD a per- 
pendicular drawn from one of its angles to the opposite side, 
and AD and BD the segments of that side. Let 8 = the sum 
of the sides AC 2ccA BC; p = the perpendicular CD : let also 
2d = the difference, and 2x = the sum of the segments AD 
and BD. 
By Art. 218, AD=x+d, and BD=x—d. 

By Euc. 1, 47, AC= V{x+d)*+p\ and BC= Vix—df+jiF 
By the conditions, «= '/(a;+rf)'-f^+ VJx^f+p 
Squarmg both sides, and transposmg. 

Let «■— 2^*— 2j?"=2m; then, by substitutmg and dividing by 

2, we have 

15* 
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Squaring both sides, and performing the multiplication indicated* 
the result is 

Expand, a^— 2d*a:"+(f*+2;?'«»+2yd*+y=m*— 2m«"+a?« 
Trans, and unit, terms, (2m+2y— 2(i*)«'=wi*— 2y{?— rf^—jp* 

Dividing by coefficients of a?, ar*= — - — ~r-j — ^ 

Extractmg the square root, «= y _--£-_^^ 

Substituting the values of p, d, and m, as given by the condi- 
tions, we have «= 4*72.6. 

Hence x-^d=il20=:AI>, ar— i=225=2>5. 

Also AC=VaW+W'=1S0, £C=VjBD'+CD^=S15. 

By the figure, AB=AI>+£I>=zU5. 

Tlierefore the required sides are 780, 3*75, 945. 

Pbob. 11. Let ABC be a triangle right angled at B ; BD 
the perpendicular from the right angle upon the hypotenuse. 
Let the base AB be denoted by x, BD by a, the hypotenuse 
AChj y, and the perimeter by m ; then m^x—y:=zBC, 
By Euclid, 1, 47, y«=:««+(m-ic-y)« 

Expanding, y*=«*+wi*— 2ma:— 2wiy+«*+2«y+y* 

Trans, and unit, terms, 2my— 2»y=2«'— •2ma;+m' (1) 
By Euclid, 6, 8, y\x\\ m—x^y : a 

Mult, extremes and means, ay^smx^a^—xy (2) 

Multiplying by 2, 2ay=2ma:— 2a;*— 2ay (3) 

Adding (1) and (3), 2ay-|-2my=m» 

Dividing by 2a-l-2w, y= 



Subst. for a and m their values, y=: 



2a+2m 

(720)« 
2X7204-2X144 



T, J . 618400 ^^^ .^ 

Reducmg, ^= 1440+288 =^^^=^^ 
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Subst. this value in (2), 144 X 300=Y20a?— «•— 300« 
Trans, and unit, terms, «•— 420ic= —43200 
By the Rule given on page 67, a;=210d=V— 43200+{210)" 
= 210dbV— 43200+44100=210=fc30=240=.4A 
Therefore ^(7=m—a;—y='720— 300— 240=180, 

Prob. 12. Let x= one side of the square, and (/= the dif- 
ference between a diagonal and a side ; then x+d=:ihe diagonal. 
By Euclid, 1, 47, (ar+rf)"=2a^ 

Expanding, «»+2(far+<i'=2«" 

Transposmg and uniting terms, ai?-'2dx=zcP 

By the Rule given on page 67, x=ddzV^F+^=zd+dV2. 

Prob. 13. Let A^C be a triangle in which is inscribed the 
square DEFO ; let also (77, the altitude of the tiiangle, cut 
DQ in H\ then HI=9l side of the square. Make x=:J)0, 
bz:zAB, and A=C7: then CH^h'-x, 
By similar triangles, AB: CI\:DG\C3 

Or, b'.hwx: h—x 

Multiplymg extremes and means, hh^bx=hx 

Transposmg, changing signs, and div. by 6+ A, x= — — 

Prob. 14. Let a = one of the given sides, e = tbe other, 
and b = the bisecting line. Represent the base by x, and one 
of its segments by y : then a;— y will denote the other segment. 

By Euclid, 6, 3, a?— y :y:: a:e 

Multiplying extremes and means, cx-'ey=^ay (l) 

By Euclid, 6, B, a<;=ay— y«+6« (2) 

ex 
Transposing in (1), and div. by {a+c), y=z — — 

Substituting thb value of y in (2), ac— — , +y 

Clearing of fractions, 

A+2aV+ac»=ac«»+€*i*— c*aj^+aV+2dVtf+W 
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TiTDO //vl unit, terms, acaj*=a'c— a'6'+2aV— 2a6*c+ac'— 6V 
Or, acar»=:(a*+2ac+c*) X (ac-6') 

Dividrng by ac, and extract, the root, a;=y ^ — ^ ^ 

Removing a factoc from under the radical sign, 



=(„+.)xi/?E 



ac 



Prob. 15. Let ^^(7 be the triangle right angled at B, and 
FBED the mscribed square. Let AC^ the hypotenuse, =A; 
i>^, the side of the inscribed square, =a: let also BO=Xt 
and ABz=zy, 

By similar triangles, BO \ AB \ : BO— BE : i>-fir 

Or, a? : y : : x—a : a 

Multiplying extremes and means, xy—ay^^ax 

Transposing ay, jry=:«a?-f ay=a(a;+y) (1) 

By Euclid, 1, 47, a^+y"=A" (2) 

Multiplying (1) by 2, and adding (1) and (2), 

«'+2a;y+y*=A«+2a(ar+y) 
Transposing 2a(a;+y), (a;+y)*— 2a(a;+y)=A' 

Regarding (a;+y) as the unknown quantity, its value may be 
fdUnd by the Rule given on page 57, and we shall have 

a;+y=ad=VA«+a' (3), and y=a— icd=VA«+a* 
(Substituting this value of y in (1), 

x(a-x±.^/¥^^)r=a{a:h^/1^+^) 

Or, 3^'-{a^Vl?+^y='-'a{a±V}?W) 

By resolving, 

a?= i (ad= Vam:^)± V^a(azh -/^^i;?) + i (a± V^+?)" 

2 4 2 2' 

Now it is evident from equations (1) and (3), that the values 
of y must be the same as those of x. Therefore if one of the 
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values of either a: or y be taken as one of the perpendicular 
sides, the other value will be the other side. Substituting 
the members of the problem, the lengths of the sides are found 
to be 28 and 21. 

Prob. 16. Let 4ar= the base, and 3x= the perpendicular. 
Then, 4x x Sx-r- 2 = 6a:*=: the area of the triangle. 

But by the conditions, 6a^^1x=^ the hypotenuse. 

And by Euclid, 1, 47, {4xy+{3xy=:z{6x'-^1xy 
Expanding, 16x^-{-93^=36x*—S4a^+49sii^ 

Extracting the square root, 5x=z6a^—1x 

Dividing by a;, 6=6a;— 7, and ic=2. 

Therefore 4a; =8, and 3x=6, the required sides. 

Prob. 17. Let x= the breadth of the walk. The area of 
the walk is evidently equal to the two pairs of equal parallelo- 
grams which surround the grass plat. The sides of one of these 
parallelograms are x and (2a;+18); and the parallelogram on 
the opposite side of the plat is equal to it. The sides of a third 
parallelogram are x and 12 ; and the opposite parallelogram is 
equal to it. Now the sum of the areas of these parallelograms is 

2 X (2a;+18)a:+2(r2 xa;)=4a;*+60a: 
But by the conditions, 4a;^-f 60a;== 12x18=216 

Dividing by 4, and applying the Rule given on page 57, 
l^o-i/TTT/W 15 . ./216+225 

_li±4/ip =- i^dzHl =3, the breadth of the walk. 
2 '^ 4 2 2 



Prob. 18. Let 6x and 5x denote the sides of the field. 
Then 6a: X 6a; = 3 Oa:' = the area. 

But by the conditions, SOa;*-!- 6 = 125 
Or, 6a;'= 125, and «»=26 

Therefore x=z5, 6a;=30, and 6a;=25. 
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Pros. 19. Let ABC be the triangle, and BCDE the par- 
allelogram, having the side BC common. Let xszAB=BI>, 
and y^CD, Now BC=^QO, and therefore the area of the 
parallelogram =:^BCx CD=zQOy ; and the area of the. triangle 

z=IbCxABz=^=:SOx. 

it It 

By the conditions, 30a? : 60y : : 6 : 8 

Multiplying extremes and means, 240a;=80Oy 

Dividing by 240, ^==4 (^) 

By Euclid, 1, 47, ^C«+ CI^^BBC, or 60"+y«=a^ (2) 
Substituting the value of x in this equation, 60'+y*= — - 

Transposing. «« = "le "1^= Te = Id" 

St/ 
Extracting the square root, 60= — , and y=80 

Substituting this value of y in (1), «= — - =100 

Therefore 60y=60x 80=4800, the area of the parallelogram. 
And 30;2;=dO X 100=3000, the area of the triangle. 

Pros. 20. Let a;= a side of the base of the smaller vat : it 

is^also equal to the height of the larger vat. Let y= a side of 

the base of the larger vat : it will also denote the altitude of 

the smaller vat. Now the solid contents of each vat is equal 

to the product of the base by the altitude : therefore 

The solid contents of the larger vat is a;y* 

" smaller " ^y 

By the conditions, aj*y : a^ : : 4 : 5 (1) 

And ajy"— 20=ic*y (2) 

Dividing the first couplet of (1) by a?y, a: : y : : 4 : 6 

4v 
Multiplying extremes and means, 5x=z4y, and d?=— (3) 

Substituting thb value of « in (2), y* X ^ —20= ^ 

o lo 



▲PFLIOATION OF ALGEBRA TO 6E0METBT. 181 

Clearing of fractions, lOOy'-r 2500= 80y* 

Transposing and uniting terms, 20y'=2500 

Reducmg,; y'=125, and y=5 

Subst. the value of y in (3), 5«=d X h, and «=4. 

Therefore 4= the depth of the larger vat, and 5= the depth 
of the smaller vat. 

Pbob. 21. Let ABC be the triangle, AB a perpendicular 
drawn from one of its angles to the opposite side : let also P 
be a point within the triangle, and PE, PF^ and PQ \^ per- 
pendiculars from P upon the three sides. Represent these 
perpendiculars respectively by a, 6, and c ; and let x denote 
half of one of the sides of ABC. 

Now ^i>= VAB^-BD^^ V4a^-a^= -/3?=a;^/3. 

The area of the triangle ABC is AD X BD=x x xy/Z 

« " • PAB " xxPE—ax 

PAC '* xxPFzzzhx 

" " PBC '' xxPG—cx 

But PAB+PAC+PBC=zABO 

Therefore, a?x«\/3=aa:+fta?+«p 

TV. .1. ^ M^ a+h+c 

Dividing by x \/3, «= —p- — . 

Prob. 22. Let a:=the breadth of the street: then 9«— 3 
s a side of the square. Now, as in Prob. 17, the area of the 
street is equal to the sum of two pairs of equal parallelograms 

={9a;— 3+2ar)x2a:+(9a;— 3)x2iC=40«*— 12a:. 

Also the perimeter of the square =4 X (Oaf— 3). 
By the conditions, 40ir^— 12ar— 228=36a?— 12 

Transposing and uniting terms, 40ir^— 48a:=216 

, 6 27 
Dividing by 40, ar— r iP= — 

By the Rule given on page 57, 

6^6 ^25 fi ' 25 56 

16 
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Therefore 9a?— 3=27— -3=24, a side of the square; and 
(24)*= 576, the area of the square. 

Prob. 23. Let ABC be the triangle right angled at B ; let 

also AD and CE be the bisecting lines. Represent AD by b, 

and CjE hja; and let BE=zx, and BDz=zy: then AB=z2x, 

and B0=i2y. 

By Euclid, 1, 47, 4«»+y'=y (1) 

4y*+a:*=a» (2) 

Ti-ansposing 4y' in equation (2), aj*=a'— 4y* 

Substituting m (1), 4(a«— 4y»)+y"=6" 

Transposing and uniting terms, — 1 6y* = — 4a* + 6* 

4a*— 6' 
Changing signs, and dividing by 16, y*= — — — 

Extractinpr the square root, y=r 

15 

Substitutmg this value in (1), 4a^H — =6* 

Clearing of fractions, 60a^+4a*— 6*=166* 

Transposing and uniting terms, 60a^=166*— 4a' 

Dividing by 60, and extracting the root, x=y • 



Since it has been publicly announced that Prof. Stanley was 
preparing a Key to Day's Algebra, it is due to that gentieman 
to state that this book is entirely the work of other hands. 
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